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THE SEVENTEENTH SUMMER MEETING OF 
THE AMERICAN MATHEMATICAL 
SOCIETY. 


THE seventeenth summer meeting of the Society was held at 
Columbia University on Tuesday and Wednesday, September 
6-7, 1910, two sessions being arranged for each day. The 
attendance included the following thirty-six members : 

Professor M. J. Babb, Professor G. D. Birkhoff, Professor 
J. W. Bradshaw, Professor E. W. Brown, Dr. H. T. Burgess, 
Mr. R. D. Carmichael, Professor G. G. Chambers, Professor 
A. B. Coble, Professor F. N. Cole, Dr. G. M. Conwell, Pro- 
fessor John Eiesland, Professor T. S. Fiske, Professor W. B. 
Fite, Professor O. E. Glenn, Professor C. C. Grove, Professor 
H. E. Hawkes, Dr. A. A. Himowich, Professor J. I. Hutchin- 
son, Professor O. D. Kellogg, Professor C. J. Keyser, Pro- 
fessor P. A. Lambert, Dr. D. D. Leib, Mr. Joseph Lipke, 
President E. O. Lovett, Dr. H. H. Mitchell, Professor Arthur 
Ranum, Professor D. A. Rothrock, Dr. J. E. Rowe, Professor 
H. E. Slaught, Dr. Clara E. Smith, Professor Virgil Snyder, 
Professor R. P. Stephens, Dr. W. M. Strong, Professor Oswald 
Veblen, Professor H. 8. White, Professor Alexander Ziwet. 

Vice-President Professor Hutchinson occupied the chair. 
The Council announced the election of the following persons to 
membership in the Society: Mr. F. S. Bartlett, General Elec- 
tric Company, Schenectady, N. Y.; Mr. R. D. Beetle, Dart- 
mouth College; Professor N. C. Grimes, University of Ari- 
zona; Professor F. T. H’Doubler, Miami University; Mr. 
Robert Henderson, Equitable Life Assurance Society, New 
York, N. Y.; Mr. G. F. McEwen, Stanford University ; Pro- 
fessor Josephine A. Robinson, Berea College. Ten appli- 
cations for membership were received. 

Professors P. F. Smith, Osgood, and E. H. Moore were ap- 
pointed a committee to report to the Council at the October 
meeting a list of nominations for officers and other members ot 
the Council to. be elected at the annual meeting in December. 

On Tuesday evening twenty-five members gathered at the 
usual dinner, which is always an agreeable incident of the 
meetings. 
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The following papers were read at the summer meeting: 

(1) Professor L. E. Dickson: “On the factorization of 
integral functions with p-adic coefficients.” 

(2) Professor L. E. Dickson : “ Determination of the binary 
modular groups and their invariants.” 

(3) Professor O. E. GLENN: “On the structure of p-ary 
forms.” 

(4) Mr. R. D. CarmicHaE.: “ Linear difference equations 
and their analytic solutions.” 

(5) Dr. H. T. Bureess: “The simultaneous reduction of a 
quadratic and a bilinear form by the same transformation on 
both 2’s and y’s.” 

(6) Professor A. B. CopLe: “On the reduction of the sextic 
equation to the Valentiner form problem.” 

(7) Professor Vircit SNypDER: “The involutorial bi- 
rational transformation of the plane, of order 17.” 

(8) Professor L. E. Dickson: “ An invariantive investiga- 
tion of irreducible binary forms.” 

(9) Professor ARTHUR RaNuM: “On the classification of 
systems of linear equations.” 

(10) Professor ArTHUR Ranum: “The osculating sphere of 
a developable surface.”’ 

(11) Professor Perer Fieip: “The theory of degenerate 
rational plane curves.” 

(12) Dr. J. E. Rowe: “Important covariant curves and 
a complete system of invariants of the rational quartic 
curve.” 

(13) Professor G. D. Brrkuorr: “ General theory of linear 
difference equations.” 

(14) Professor L. E. Dickson: “ A fundamental system of 
invariants of the general modular linear group on m variables.” 

(15) Professor S. E. Stocum: “ A general formula for the 
shearing deflection of beams of arbitrary cross section, either 
variable or constant.” 

(16) Professor G. A. MILLER: “Note on the solution of a 
system of linear equations.” 

(17) Professor G. A. MILLER: “Some relations between 
substitution group properties and abstract groups.” 

(18) Professor Jacop WestrLunp: “On the relative dis- 
criminant of a certain Kummer field.” 

(19) Professor J. W. BrapsHaw: “On a method of deriv- 
ing infinite products from certain infinite series.” 
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(20) Mrs. ANNA J. PELL: “ Infinite systems of linear equa- 
tions with unsymmetric systems of coefficients.” 

(21) Professor Epwarp KasneEr : “ Conformal invariants of 
curvilinear angles.” 

(22) Professor FLor1aAn CaJori: “ Fourier’s improvement 
of the Newton-Raphson method of approximation anticipated 
by Mourraille.” 

(23) Dr. Louis Incoip: “Note on identities connecting 
certain integrals.” 

(24) President E. O. Loverr: “Generalizations of certain 
theorems concerning cases of collisions in the general problem 
of several bodies.” 

(25) Professor JouNn EresLANnD: “On minimal lines and sur- 
faces in four-dimensional space.” 

(26) Professor JoHN EresLanD: “ Lie’sline-sphere geometry 
from the standpoint of four-dimensional space.” 

(27) Professor E. D. Rog, Jr.: “A generalized definition 
of limit.” 

(28) Professor E. D. Rok, JR. : “ A new invariant function.” 

(29) Dr. H. H. MircHeii: “The subgroups of the hyper- 
orthogonal group HO(3, p™).” 

(30) Dr. H. Beck: “ Ein Seitenstiick zur Moebius’schen 
Geometrie der Kreisverwandtschaften.” 

Dr. Beck’s paper was communicated to the Society through 
Professor White. In the absence of the authors the papers of 
Professors Dickson, Field, Slocum, Miller, Westlund, Mrs. 
Pell, Professors Kasner, Cajori, Dr. Ingold, President Lovett, 
Professor Roe, and Dr. Beck were read by title. 

Professor Dickson’s first paper appeared in full in the Octo- 
ber Buttetin. Dr. Beck’s paper will appear in the October 
number of the Transactions. Abstracts of the other papers 
follow below. The abstracts are numbered to correspond to the 
titles in the list above. 


2. The second paper by Professor Dickson determines by 
two methods all the groups of binary transformations of deter- 
minant unity in the general Galois field. For the more inter- 
esting types of these groups there is constructed a fundamental 
system of invariants. The paper has been offered for publica- 
tion in the American Journal of Mathematics. 


3. The coefficients of a binary m-ic are elementary sym- 


64 THE SUMMER MEETING OF THE SOCIETY. [Nov., 


metric functions of m groups of two homogeneous variables ; 
and those of a p-ary m-ic will be similar functions of m 
groups of p homogeneous variables when the latter form is the 
product of m linear forms. This analogy between the binary 
form and the degenerate p-ary form is of fundamental impor- 
tance in the study of the structure of non-degenerate p-ary 
forms. In the first part of Professor Glenn’s paper general 
methods of resolving degenerate forms into linear and quadratic 
factors are developed, including the cases where the factors are 
multiple. It is found that this problem always reduces to the 
direct problem of solving algebraical equations in one unknown, 
and the necessary equations are developed. This process of 
resolving a degenerate form is then applied to a non-degenerate 
form, with the result that the latter is reduced to a certain 
canonical type. The following theorem is established for ternary 
forms : Let f,,, = a" + b"™-'z+ --- be the general ternary form, 
a” being the binary form of order m, and so on. Let a” be 
factored into real factors, and assume (1) that all of these fac- 
tors are contained in b”—' to a multiplicity one less than in a”. 
Then by the processes developed we can obtain 


=/f,, + Py» 


where f, is the product of real linear or quadratic factors or 
both. Assume (2) that the satellite w,_, (of order m — 2) isa 
form of the same character as f,,, (in that (1) is satisfied) ; also 
that its satellite is of this character, and soon. Then 

Sin = Sn (€=1 or 2), 


m 


where f,_,, of order m— 2k is degenerate into linear and 
quadratic factors. 

4. The primary object of Mr. Carmichael’s paper is to prove 
the existence of a fundamental system of simple analytic solu- 
tions of the system of n linear homogeneous difference equations 

n 
(A) G(x+1)=a i= 1, » 2), 
7 


where « is a constant and the a,() are single-valued and 


+a (i, j=1,---,n; |x|>R), 


| 
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the constants a,, being such that the roots p, of the equation 


0ifi+), 

ja,—5,p|=0, 1 if inj, 
are in absolute value different from each other and from zero. 
The proof is obtained by means of a form of the method of suc- 

cessive approximation and a process of induction. 
If we suppose that (A) is solved for G(x) in terms of 
G(x + 1), (i=1, ---,n), and that z is then replaced by x — 1, 

we may write 


G(«—1)= A(x —1)G(x) (i=1, ---, n). 


One result of the paper may now be stated as follows: (A) has 
a fundamental system of solutions 


G(x), G,{2), G(x) (j=1,---, n), 


each function of which is analytic throughout the finite plane 
except at sets of points [8 — 7], (r = 0, 1, 2, ---), where [A] 
is the set of all singularities of the coefficients A, (x). If 
approaches infinity along any line parallel to the positive real 
axis, 

lim G(x) = 
where m, and a,,are constants depending on the constants a;, 
and easily determined. 

An existence theorem for a single equation of the first order 
is already known and some work (quite incomplete and unsatis- 
factory) has been done for a single equation of the second order ; 
but, except for some recent important partial results obtained 
by means of the Laplace transformation, no further substantial 
progress in obtaining analytic solutions of difference equations 
seems to have been made. 


5. In the consideration of the projective geometry upon a 
quadric surface 


a, 9, (4, 2, 3, 4), 

with special reference to the general correlation of space 


= 0 


| 
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we are confronted with the question of determining a transform- 
ation 
Hi: pe, = |h,.| #9, 


which when carried out simultaneously on the a’s and y’s will 
reduce QY and © to more simple forms. Algebraically this is 
asking for the matrix H such that, when we perform the oper- 
ations 


H’QH=9 HOH=9O, 


where @ and © are the matrices of Q and 0 respectively, the 
matrices Q and Q will be in a more simplified form. 

Dr. Burgess determines a method of reduction applicable to 
matrices of order n and gets the results for the cases n = 2, 3, 
4, and 5. 


6. Professor Klein has pointed out that the form problem 
of the Valentiner group G,,, in the plane would have the 
same import for the solution of the sextic that the icosahedral 
binary G,, has had for the solution of the quintic. Professor 
Gordan has shown that only an “accessory ” cubic equation is 
necessary for the purpose. He obtains one such equation as the 
characteristic equation of a connex (1, 1) whose coefficients are 
of degree six in the roots of the sextic. It is the object of 
Professor Coble’s paper to show that a connex (1, 1) exists 
which is of similar use and whose coefficients are of degree four 
only in the roots. It is shown further that there is no accessory 
equation of lower degree in the roots. A resumé is then made 
of the necessary calculations, in order to estimate the diffieulty 
of setting out explicit formulas in the algebraic part of the 
problem of the sextic. 


7. It was shown by Bertini * that every involutorial bira- 
tional transformation of the plane into itself can be reduced to 
one of four types, by transforming through appropriate quad- 
ratic inversions. Of these, three were already known, but the 
fourth, in which the lines of the plane go into curves of order 
17 with eight basis points of multiplicity six, was new. In 
Professor Snyder’s paper the equations of these transformations 
are given, and some properties determined. The problem is 


Ricerche sulle trasformazioni univoche involutorie nel piano,” Annali 
di Mat., ser. 2, vol. 8 (1877), pp. 244-286. 
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closely associated with that of the determination of the ninth 
and tenth double points of a sextic having eight given double 
points. 


8. In this paper Professor Dickson determines a fundamental 
system of two invariants of the group of all binary linear trans- 
formations in a finite field. By means of a three-term recursion 
formula the product 7, of the irreducible forms of degree m is 
expressed in terms of: the fundamental invariants 7, and 7,,. 
Two forms are said to belong to the same class if one of them 
can be transformed into a constant multiple of the other by a 
linear transformation of determinant unity in the field. It is 
shown that there are as many classes of irreducible binary forms 
of degree m as there are irreducible factors of 7,, when expressed 
as a function of a certain pair of invariants, the choice of which 
depends upon the evenness or oddness of the modulus. The 
cases m <8 are examined completely. The paper has been 
offered for publication in the Transactions. 


9. In his first paper Professor Ranum proves that in all the 
solutions of a system of consistent linear equations the values 
of a particular set of unknowns will be connected by a linear 
relation if and only if the omission of the coefficients of these 
unknowns from the matrix of the system reduces the rank of 
the matrix. This result isa generalization of a recent theorem 
of Miller’s, and leads to a classification of consistent systems of 
rank r in n unknowns with respect to the reduction in rank 
caused by the omission of the coefficients of one or more un- 
knowns. The geometric significance of this classification is 
explained. 


10. Of the eight spheres inscribed in a tetraedron formed by 
four neighboring tangent planes to a developable D, seven are 
infinitesimal ; the limiting position of the eighth is defined as 
an osculating sphere S of D. S is dual to the well-known 
osculating sphere of a twisted curve. By means of this duality, 
which is even more complete in riemannian than in euclidean 
space, Professor Ranum derives some of the properties of S, 
among which are the following : Sis the limit of a sphere inscribed 
in two neighboring osculating cones of D. If D’ is the edge of 
regression of D, and F is the rectifying curve of D’, then R is 
the locus of the center of S. If s is the are of D’ and if r and 
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p are its radii of curvature and torsion, respectively, then the 
radius r’ of S is given by the formula 


1 d(r 


At the point of contact of D and S their curve of intersection 
has in general a double point with distinct tangents. A neces- 
sary and sufficient condition that S be a fixed sphere is that D’ 
be a geodesic line on a cone. 


11. A number of papers have been written (see Glenn, “‘ The 
theory of degenerate plane curves,” American Journal of Mathe- 
matics, January, 1910, where additional references are given) 
on the conditions that an equation must satisfy in order that 
the corresponding curve shall degenerate. Professor Field’s 
paper considers the same problem for rational curves only. 
The method of attack consists in expressing the coordinates of 
a point on the curve rationally in terms of a parameter A, so 
that the curve is defined by the equations 


The coefficients are then varied so that f(A), f,(A), f,(A) have 
one or more factors which become equal. While the problem 
in this form is restricted, the results are correspondingly 
simple. 


12. Dr. Rowe’s paper, in four sections, consists of a treat- 
ment of the rational quartic curve in the plane. In Section I 
Salmon’s work on the combinants of two binary quartics with 
some extension is used to find the equations of the covariant 
curves, especially those of the covariant conics, of the rational 
quartic. Among other results we obtain an independent analytic 
proof that the six flexes of the rational quartic are on a conic. 
Section II is devoted to finding a complete system of invariants 
for the rational quartic as combinant of the fundamental involu- 
tion ; also, by a mere permutation or cyclic substitution of letters 
it is possible to derive important invariants of the rational quartic 
from the covariant curves of Section I. In the third section a 
new system of invariants is obtained by considering this curve 
as the section of the Steiner quartic surface by a plane, the in- 
variants being expressible in terms of the symmetric functions 


| 
| 


1910.] THE SUMMER MEETING OF THE SOCIETY. 69 


of the coefficients of the cutting plane. In Section IV the 
connection between the two systems of invariants is established, 
and a method for passing from our invariants to those obtained 
in another way by Professor Coble in an article in the American 
Journal, volume 31, number 2, is given. 


13. A linear difference system may be written in either of 
two equivalent ways, 


where i = 1, 2, ---,; and to each of these corresponds a com- 
plete set of formal solutions. By the use of these, Professor 
Birkhoff proves the existence of two complete sets of solutions, 
which are termed principal solutions in virtue of their remark- 
able properties. The only singularities of the first (second) set 
of solutions are poles which fall to the right (left) of and con- 
gruent to the poles of a,(x) [b,(x)], and the asymptotic form 
at 2 =oo is completely specified except along the line of posi- 
tive (negative) reals. The functions a,(x) and 6, (2) are rational 
functions of 2. 

The relations between the two sets of principal solutions is 
found to be expressible in terms of certain rational functions of 
e'"=, The asymptotic properties and these relations entirely 
characterize the two sets, as sets of principal solutions of a linear 
difference system with rational coefficients, and the number of 
characteristic constants is equal to the number of arbitrary 
constants in the given system. This leads to the formulation 
of the fundamental problem of linear difference equations. 
Finally it is shown that the solution may be made to depend 
on that of a like system in which the a,(x) are linear in 2 ; this 
system which generalizes the ordinary gamma function is treated 
in some detail. 


14. In this paper Professor Dickson shows that the group 
G,, of all linear homogeneous transformations 7’ on m variables 
with coefficients in the Galois field of order p” has the funda- 
mental system of invariants L,, Where 


m). 


| 
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The latter determinant is multiplied by | 7'| by a transforma- 
tion T. Hence the Q, are absolute invariants. The m funda- 
mental invariants are shown to be independent. in the proof 
that they form a fundamental system, use is made of the 


relations 


in which Q _,, is to be suppressed if s =m —1, while r= p"—1. 
Expanding L,, according to its last column, we may express 
L,/L,,_, in terms of L,_,, These relations enable 
us to express the Q as integral functions of the x, The proof 
that the Q, are integral functions follows easily from their 
definition. 

The solution of the ‘‘ form problem ” is discussed. Further 
applications are of the character indicated in paper No. 8. 
This paper has been offered for publication in the Transactions. 


15. Professor Slocum’s paper has for its main object the 
derivation of a general formula for the shearing deflection of a 
beam of arbitrary cross section, either variable or constant. 
The method used is based on Castigliano’s application of the 
principle of least work. The result is embodied in the formula 


D= fraa, 
where 


D = shearing deflection at any fixed point P, 
( = total shear on any section due to given loading, 
(Y = total shear on any section due to concentrated unit 
load at P, 
q = unit shearing stress due to shear Q, 
G = modulus of shear, 
dA = element of area of cross section, 
dx = element of length of beam. 
For a constant rectangular cross section it is shown that the 


formula reduces to 
6 
= ; lx 
D + AG™ 


and for a constant circular cross section it becomes 


| 
| 
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10 
D= 9 J, 4G dx. 
The formula is then applied to the case where the moment of 
inertia varies linearly along the axis of the beam, as is approxi- 
mately true of the ordinary commercial planer rail. Definite 
numerical applications of the formula are given in each instance, 
and the percentage of shearing deflection for a given ratio of 
length to depth is also discussed. 

It is further shown that the method here used for determin- 
ing the shearing deflection also leads to the formula deduced 
otherwise by Professor Fraenkel for flexural deflection, namely, 


Mm 
D= f EI dz, 
where 
D = flexural deflection at any given point P, 
M = moment at any section due to given loading, 
m = moment at any section due to concentrated unit load 
at P, 
E = Young’s modulus, 
I = static moment of inertia of cross section, 
dx = element of length of beam. 
It is then shown that all the ordinary formulas for bending 
deflection, as deduced independently from the equation of the 
elastic curve in each case, are simply special cases of the above. 
The formula is then further applied to the case where the 
moment of inertia varies linearly along the axis of the beam, a 
case not heretofore treated. Numerical application of the result 
is then made to the type of planer rail mentioned above. 


16. The main theorem proved by Professor Miller is as fol- 
lows: The necessary and sufficient condition that a given un- 
known has the same value in all the possible solutions of a sys- 
tem of consistent linear equations is that the rank of the matrix 
of the system is diminished by omitting the coefficients of this 
unknown from this matrix. Hence each unknown ina system 
of consistent equations must either have the same value in 
every possible solution or it has an infinite number of different 
values in the totality of possible solutions. This evidently in- 
cludes the theorem that a system of linear equations has zero, 
one, or an infinite number of solutions. The didactic impor- 
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tance of the theorem was emphasized and it was pointed out 
that this theorem should have a place in every advanced course 
in algebra, as it rounds out the students’ conception of a sys- 
tem of linear equations. It was also observed that the nec- 
essary and sufficient condition that a given unknown in a con- 
sistent system of linear equations may have the value zero in a 
solution of the system is that the rank of the augmented matrix 
of the system is reduced by the omission of the coefficients of 
this unknown whenever the rank of the matrix is reduced 
by this omission. Hence it results that the necessary and suf- 
ficient condition that an unknown may have a value different 
from zero in a consistent system is that the rank of the aug- 
mented matrix is not reduced by omitting the coefficients of 
this unknown. 


17. If H represents any subgroup of index p under a group 
G, all the operators of G may be arranged so as to give p dis- 
tinct sets as regards both right hand and left hand multipli- 
eation in the following forms : 


G = H+ HS, + HS,+ --- + HS, 
= H+S,H+8,H+ ---+8,H. 


The sets HS,, S,H (a= 2, 3, ---, p) are called respectively 
right co-sets and left co-sets of G as regards H by Professor 
Miller, and he observed that every right co-set is composed of 
the inverses of all the operators of some left co-set, and vice 
versa. The necessary and sufficient condition that H is in- 
variant under a given right co-set is that this co-set is identical 
with some left co-set ; and the necessary and sufficient condi- 
tion that H gives rise to a multiply transitive representation of 
G, or of one of its quotient groups whose order exceeds two, is 
that every right co-set as regards H has at least one operator 
in common with every left co-set as regards H. 

If G involves kn,h operators which transform H into a 
group having a subgroup exactly of index n, in common with 
H, then K, must have exactly & transitive constituents of degree 
n, and vice versa, where K, is composed of all the substitutions 
which omit one letter in the transitive substitution group K to 
which H gives rise. If S,HS;' has a subgroup of index n, in 
common with H and if the largest invariant subgroup of H 
contained in this common subgroup is of index m, under H, 
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ther. the corresponding transitive constituent in K, is of order 
m, and of degree n,. These theorems exhibit more completely 
the principle of duality as regards substitution groups and 
abstract groups. 


18. In a paper presented by Professor Westlund at the 
February meeting the discriminant or fundamental number of 


the algebraic number field k(Vm) was determined. The object 
of the present paper is to show how the results thus obtained 
may be used for determining the relative discriminant of the 


Kummer field &('/m, p), where p is a primitive pth root of unity, 
with respect to the field (Vm). 

19. Professor Bradshaw illustrates a method of deriving in- 
finite products from certain infinite series by application to 
Gregory’s series for }7. By adding to this series a series 
which itself vanishes, a succession of better and better con- 


vergent series is obtained. The first term in this succession of 
series approaches the form of the infinite product due to Wallis. 


20. Properties analogous to those for biorthogonal systems of 
functions are obtained for biorthogonal systems of limited linear 
forms in infinitely many variables. If the biorthogonal system 


Ula) = =D vg, 
i=1 
is such that 
I(-)V{-) = 
i=1 
is convergent for a limited linear form L(x), then 
Vix) = TU{z), 


where 7’ transforms every limited linear form into a unique 
limited linear form, and 


L(.)TL(-)=0, -)TL-) = L{-)TL,(-). 


From these properties of 7’ Mrs. Pell shows that it has the 
form 


T(x) = K(«-)L(-), 


| 
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where (xy) is a symmetric definite or semi-definite limited 
bilinear form. The converse theorem is also true. 

If the unsymmetric limited bilinear form Z(ay) is such that 
there exists a symmetric definite limited bilinear form K(y) such 
that 


M(xy) = L(x-) K(-y) 


is a symmetric bilinear form, then there exists a spectrum for 
the system of linear equations 


In particular, if Z(ay) is continuous, there exists at least one 
characteristic number. This condition is also necessary. 


21. The angles considered by Professor Kasner are bounded 
by ares of analytic curves, and the conformal transformations 
are required to be regular at the vertices. The paper presents 
the conditions for the equivalence of such angles. A necessary 
condition is, of course, that the angles have the same magni- 
tude 6. When @/7 is irrational this is also a sufficient condi- 
tion. If, however, 0/7 is rational, an infinite number of 
invariants of higher order exist. The case where @ is zero 
(horn angles) is discussed separately. 


22. Fourier showed in publications of 1818 and 1831 that, 
if one and only one root lies between the real numbers a and 6, 
then the Newton-Raphson method of approximation to the roots 
of a numerical equation f(x) = 0 yields with certainty successive 
approximations to this root if the first two derivatives of f(2) 
do not vanish for values of # lying in the interval between a 
and 6, and if, of those two limits, that one is chosen as the 
initial approximation which, when substituted for x, gives to 
J(x) and f’(x) the same sign. Professor. Cajori showed in his 
paper that Fourier was anticipated 50 years in this by J. Raym. 
Mourraille, who published in 1768 at Marseilles a work entitled 
Traité de la résolution des équations en général. Mourraille 
arrived at somewhat simpler results by omitting Fourier’s un- 
necessary condition that f(x) shall not vanish. Fourier was 
also anticipated in part of his “ Rule B.” 


23. Because of the general nature of the symbols and sym- 


| 
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bolic products of the symbolic invariant theory it is possible to 
apply the formulas of this theory in various special fields. In 
the present note Dr. Ingold interprets symbolic functions as or- 
dinary functions of a real variable x in a definite interval, say 
0 =xz=1, and symbolic products as integrals, in the interval 
0 ---1, of ordinary products. With this interpretation all of 
the identities of the symbolic invariant theory become identi- 
ties involving ordinary functions and integrals. 


24. In the first section of President Lovett’s paper, the 
fundamental formula of Lagrange’s celebrated essay on the 
problem of three bodies is extended to the motion of a system 
under forces varying as any arbitrary function of the distance. 
This generalization is then specialized to the case of forces 
varying inversely as any positive power of the distance ; for the 
latter problem the generalizations are constructed of the differ- 
ential equations employed by Sundman * in characterizing the 
conditions for collision under the law of nature. The second 
section is occupied with the determination of the different cases 
of singularities in the motion of a system of three bodies, the 
forces varying as the masses and inversely as an arbitrary posi- 
tive power of the distance. In the third section, the results of 
the first section are extended to the most general problem of n 
bodies, by utilizing to this end Block’s + extension of Sundman’s 
formulas to the newtonian case of any number of bodies. 
Finally the fourth section studies certain of the conditions for 
simultaneous collision in the most general case of the n body 
problem. 


25. Professor Eiesland’s first paper treats of minimal lines, 
congruences of minimal lines, and curved surfaces which on 
account of certain properties have been defined as minimal 
surfaces in space of four dimensions. If such a surface lies in 
a space of three dimensions, it becomes an ordinary minimal 
surface. A minimal surface of four-dimensional space is the 
middle surface belonging to the focal surface of a minimal (or 
isotropic) congruence of that space ; it is generated by the 20 
minimal tangent spaces 


(s + tha, + i(t — s)x, + (st — 1)x, + i(st + 1)x, + F(st) = 0. 


*K. F. Sundman, ‘Recherches sur le probléme des trois corps,’’ Acta. 
Soc. Sc. Fen., vol. 34 (1907). 

+ H. Block, ‘‘Sur une classe de singularités dans le probléme de n corps,”’ 
Medd. f. Lunds Asir. Obs., ser. 2, no. 6 (1909). 
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26. Professor Eiesland’s second paper deals with the projec- 
tion of minimal configurations into ordinary space by means of 
the orthogonal projection 


X,=2, X,=2, X,=2, X,<iR 


which transforms the vertex of a minimal cone in four-dimen- 
sional space into the center of the sphere of radius R in ordi- 
nary space, while the minimal cone becomes the sphere, i. e., 
the cone 


(x, — X,)’ + (@, — X,)’ + (x, — X;)’ + — X,)? = 0 
becomes when projected into the space (#,, x, %,) (putting 
2,= 0): 

(x, xy + (2, (x, X;)’ = 


It is shown that Lie’s line-sphere geometry follows as an 
immediate corollary from this theory of projection. 


27. The object of Professor Roe’s first paper is to explain a 
logical point of view, without affecting any of the facts involved, 
from which a greater generalization of the definition of limit 
can be obta:ned than is the case with the ordinary definition. 
To secure this it is necessary to distinguish between infinity 
and an infinite variable, and to discuss the meaning of “ num- 
ber” for the case in hand. The definition of limit is then so 
phrased that not only is the usual definition logically included 
as a special case, but infinity is also included as a limit, as well 
as any complex numbers, and even the extension of the defini- 
tion to higher complex numbers may be easily made. 


28. The new invariant function discussed in Professor Roe’s 
second paper is 


A, A, 0 | 
2A, A, A, 

A, 
nA, A, 


where n>1, and 
k k~ 0? k 


The function is proved to be invariant, whatever the value of X. 


| 

| 
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It is used in the paper in finding general determinant values 
for the sums of the series 


1 1 1 I 1 1 
[= tom t gmt y= t gm t+ 


29. A hyperorthogonal group HO(3, p™) which is represent- 
able as a collineation group in three variables, the coefficients 
being marks of the Galois field G#’(p™), has an invariant of 
the form 


It is of order A + 1)(p* + 1)’p*(p* — 1)/d, where d= 3 
or 1, according as p* + 1 is or is not divisible by 3. 

Dr. Mitchell determines the subgroups of this group for p an 
odd prime and k a positive integer. The least number of 
letters on which the group is representable as a permutation 
group is p“ +1, except for p* = 5, in which case the least 
number is 50. 

F. N. Coxe, 
Secretary. 
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PREFACE. 


In the preparation of the following report the committee has 
found little or no literature dealing specifically with the training 
of mathematical instructors for the higher institutions of learn- 
ing in the United States. The subject is, indeed, one to which 
little explicit attention has been paid. The committee has 
therefore been obliged to beat out its own path. As, moreover, 
the usual preparation for the teaching of mathematics is insepar- 
ably connected with the history and organization of mathematical 
instruction in our country, it has been found desirable to treat 
the subject freely and discursively. 


I. Survey or Past ConpirIons. 


To obtain first an adequate comprehension of the conditions 
prevailing today in the teaching of mathematics, it is necessary 
to review briefly the past. The mathematical development in 
the United States during the last quarter of a century has been 
so unexpected and sudden, and so remarkable in its proportions, 
that it can scarcely be termed an evolution but merits rather to be 
called a revolution. Thirty years ago the contrast between the 
mathematical and the astronomical situation in this country was 
most striking. In astronomy we numbered some of the world- 
leaders, but in mathematics there was, perhaps, not an American 
known abroad for investigational work. In 1876 the Johns 
Hopkins University was founded, and soon afterwards the Eng- 
lish mathematician Sylvester came to this country and started 
a small group of investigators. Some time prior to this Benja- 
min Peirce had stood forth at Harvard as a unique figure, a 
solitary investigator in the field of mathematics. Possibly owing 
to his influence, there emanated from Harvard University about 
1880 the policy of sending promising mathematica] students 
abroad that they might reap the fruits of German scholarship. 
To a limited extent the example of Harvard was followed by 
other institutions. As our mathematical students returned from 
abroad, stamped like many another excellent product as “ made 
in Germany,” they brought with them a knowledge of the mod- 
ern advance in mathematics and an appreciation of investigation. 
Then it was that the mathematicians of the country were wak- 
ened so as to perceive the infinitesimal development of their 
science in America and the boundless advance abroad. In this 
manner, and largely through the leadership of Johns Hopkins 
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and Harvard Universities, there arose a small circle of investi- 
gators, fired with a determination to bring American conditions 
into some sort of correspondence with conditions abroad.* 

Roughly speaking, the years 1880-90 may be said to mark 
a new departure in the mathematical education of the United 
States. Prior to this time there had been a fixity of aim and 
a definiteness of character in the methods of instruction. The 
prevailing mode of instruction was the recitation system, inter- 
spersed with a few lectures. For study a text book was used 
in which definite lessons were doled out daily, and upon these 
lessons the student was compelled to study and recite. Natur- 
ally he presented his work in the best form of which he was 
capable so as to make the best impression possible on his 
teacher. The instructor in turn devoted his time to correcting 
the mistakes and deficiencies of the student. Thus by study of 
a definite text and correction by the teacher great stress was 
laid upon form, while little or no emphasis was put upon 
imagination and upon the student’s initiative or power of selec- 
tion. It was the teacher’s province to select the food ; it was 
the student’s to digest the daily allowance. 

The amount of mathematics taught at this time was extremely 
limited. Calculus was a junior or a senior elective, and its 
theory was taught from the purely formal side. Spherical and 
practical astronomy, Salmon’s Conic Sections, and at most one 
or two other subjects (particularly quaternions) completed the 
college mathematical course. 

For teaching, little knowledge of mathematics was demanded 
beyond the subject to be taught. After graduation the ablest 
students were usually called upon at once to teach without 
further study, although after the establishment of Johns Hopkins 
University a steadily increasing tendency was noticeable to de- 
mand first a year or two of graduate study. But the bright 
student still considered it preferable to try at once his hand at 
teaching, looking upon this as an experience which would 
fit him to profit by more advanced study later. If, on the 
other hand, he should fail as a teacher, no time would be lost 
in useless study before changing his vocation. 

No special preparation for teaching was then required, nor 
indeed was any needed ; for as a student the teacher had gone 


* For further information concerning the influences which made for prog- 
ress, see Professor Fiske’s presidential address before the American Mathe- 
matical Society, BULLETIN, vol. 11 (1904), p. 238. 
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already through the machinery of the recitation mill, and this 
produced a certain perfection and uniformity of results. The 
polishing of the rough and projecting edges of the raw product 
through the friction of daily recitation, the demand for quick 
and ready expression by the student when on his feet, the in- 
sistence upon clearness, accuracy, and good English in the pro- 
duction of work (qualities which, it should be noticed paren- 
thetically, were necessary to the professions of the law, ministry, 
teaching, into which the great majority of the students of that 
time passed) — all this constituted in itself an admirable prepa- 
ration for teaching. Whatever may have been their deficiencies 
in exactness, extent, and depth of knowledge, the college mathe- 
matical professors of the time were commonly adepts in teach- 
ing the text book material, and they knew how to present it so 
as to make it clear to the average man’s comprehension. Like 
produces like. In consequence the young teacher, put in with- 
out special training to “sink or swim, live or die, survive or 
perish” according to his ability to control and guide the 
boisterous elements of his classes, generally fulfilled his mis- 
sion satisfactorily. 

The situation can be summed up by saying that the 
machinery was well adapted to its end and turned out its 
material after the model set. On the other hand, various other 
qualifications of supreme importance for the teacher were too 
often ignored or sorely neglected ; for example, initiative in 
study, geometric and analytic imagination, rigor, power of 
generalization, ete. It is, therefore, not surprising that the 
mathematical training of that time failed completely to produce 
the true scholar or the great mathematician. 


II. Present Day ConpiITIONS. 


The conditions today with respect to teaching are in part a 
survival of those of the past, and in part the result of the 
ingrafting of new ideals and methods. The earlier methods, 
in so far as they were not indigenous, were an inheritance from 
the English tutorial system. The changes have been due to 
contact with the mathematicians of the continent of Europe, 
and in particular with German mathematicians. As our 
students returned from study abroad and themselves became 
teachers, there sprang up a demand for up-to-date knowledge, 
for thorough scholarship and investigation. As a test and a 
certificate of some ability to meet these demands, the Ph.D. 
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degree speedily became a very common prerequisite for desirable 
college appointments. So rapid has been the change in recent 
years and so great the growth of the more prominent institu- 
tions of the country (especially the state institutions), that the 
supply of teachers and investigators has become inadequate and 
falls ever increasingly short of the demand. 

While this condition exists in the more important institu- 
tions, the average small college west of the Alleghanies has 
been little touched by the awakening. Institutions of respect- 
able standing with 800 or 1000 students also exist which are 
substantially in the condition of the college of twenty-five years 
ago, and this too, without reaching the degree of efficiency and 
excellence attained in the old time eastern college. Between 
the two extremes lie a multitude of colleges in which the new 
influences are felt in varying degree. 

In the better institutions the mathematical progress has been 
attended by a remodelling of the curriculum. Calculus has 
become today primarily a sophomore study.* In the last two 
years of the college course a considerable variety of electives 
has been introduced, extending as far as elementary courses in 
the theory of functions of the real and the complex variable. 
Graduate courses cover a range of topics fully as wide as, and 
perhaps even wider than in Germany. 

Speaking roughly, it may be said that up to the calculus the 
mode of teaching remains the same as of old. Here freer and 
more varied methods begin to prevail. While in most institu- 
tions it is still found advantageous to teach calculus by the 
recitation method, yet a large part of the class hour will fre- 
quently be spent by the teacher in discussion and explanation. 
The general view seems to be that about this time the student 
reaches a greater maturity of power, and the instruction he 
should receive requires therefore greater inspirational power 
and breadth of view on the part of the teacher. From this 
point on, the recitation recedes into the background, being 
superseded by the lecture or lecture-and-quiz method. The 
subject matter thereafter is no longer closely prescribed by pre- 
cedent, and the course of instruction is laid out largely in ac- 
cordance with the taste, training, and ideas of the teacher. 

Not only is the calculus a boundary line between two styles 


* At Harvard it was so recognized as early as 1870. This is indicative of 
certain tendencies toward the elevation of mathematical instruction in 
America before the advent of foreign influences. 
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of teaching, but it also marks a sharp change in the problem 
confronting the teacher of mathematics, a change almost as 
great and important as that from the gymnasium to the uni- 
versity in the German educational system. The alteration in 
the educational problem at the end of the sophomore year is so 
well known and recognized that it has been proposed by some 
to relegate eventually the work of the first two years of the 
college course to the high school; by others to separate the 
work of these two years into a junior college leading to an ap- 
propriate degree. 

Without discussing the advantages and disadvantages of such 
a change we shall proceed to consider further the nature of the 
mathematical problem in our large colleges and universities 
before and after the calculus. It should be borne in mind 
that nothing can be said that will fit a// of our universities and col- 
leges, for their number is legion. Yet in the main the remarks 
below portray the situation correctly, for even in the academic 
department of Harvard University, where the lecture system is 
introduced from the beginning, it is accompanied by daily tests 
or problems in the elementary work. 

In most of the leading institutions the mathematics of the fresh- 
man year has been made either elective or semi-elective in the 
college of liberal arts. Such, however, is its importance that 
classes in the elementary subjects of trigonometry, algebra 
and analytical geometry are very large and create a peculiar prob- 
lem of administration. In the engineering schools the same 
condition holds forthe calculus also. A sample illustration may 
be taken from the University of Wisconsin. Here in the years 
1908-1909 and 1909-1910, there were each semester in the Col- 
lege of Letters and Sciencea total of from 300 to 330 students to be 
given instruction in freshman mathematics. For this purpose 
they were divided into eleven to thirteen sections. This situ- 
ation necessitates alarge amount of work of a somewhat routine 
character. In the engineerirg school, in which mathematics 
is required, practically the same condition prevails. The adop- 
tion of the lecture system for these lower classes seems un- 
wise because of its failure to meet the individual difficulties of 
the student and to give him the repetition and drill necessary at 
that stage of his development. 

Even in these more elementary classes where the recitation 
remains, one notices a change in the character of the problem 
confronting the teacher, especially in the eastern section of the 
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country.* College youths no longer form a carefully culled 
and picked intellectual body designed solely for the professions. 
The increasing educational development of the country has 
touched all classes, even the foreign immigrant, and has increas- 
ingly brought to college young men preparing for business pur- 
suits. The country has been so inundated by foreign immi- 
gration as to become the “melting pot” of the nations, and 
the high school is the crucible. The pupils in the high 
schools, being in vast numbers the children of men and women 
who have learned the English Janguage only after arriving 
in this country, mix foreign idioms with the grammar of the 
school. The classes are often very large (40 or 50 being 
not uncommon in a class), so that not much attention can be 
given to the individual ; and the best students, in particular, 
suffer from receiving instruction appropriate to the mass. 
Moreover, the examination for admission to college has disap- 
peared almost entirely and has been replaced by certification 
from the school.t For all these reasons the average student 
enters a university more poorly prepared than formerly, and 
brings with him less of the cultural influence that came with 
the select few of the earlier days. Under these conditions the 
freshman instructor finds it impossible to maintain in his classes 
the former rigorous standards of recitation, of good form and 
exposition in concise, lucid English. Consequently the recita- 
tion system no longer produces as satisfactory results as for- 
merly, though it doubtless serves its purpose better than any 
substitute that has been suggested. 

Subsequent to the calculus the number of pupils in mathe- 
matical classes is small. There remains chiefly the student pre- 
paring to teach in high schools and colleges, with a sprinkling 
of others who need mathematics for physics, engineering, or its 
other applications. The fundamental problem in teaching is 
henceforth to inculcate in the prospective teacher thorough 
scholarship and sound standards, which were necessarily some- 
what neglected in the previous mass-instruction. 


*In the newer sections of the country pioneer or unsettled conditions have 
prevailed largely from the beginning. 

{ Examinations are still required of everybody at Harvard, Yale, 
Princeton. 
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III. THe PRESENT PREPARATION FOR TEACHING AND ITS 
DEFICIENCIES. 


Owing to the changes above described the recitation system 
no longer affords the prospective teacher the same drill in 
presentation and the same feeling for form that it once did. 
Under the lecture system which succeeds it the emphasis is put 
primarily upon acquisition and upon extension of knowledge. 
But the mere hearing of lectures leaves the student passive and 
does nothing to tax actively his powers of presentation unless 
supplemented by other aids. (See Section ITV.) Furthermore, 
if the teacher himself is deficient in style and is so absorbed in 
acquisition and investigation that he slights the matter of pres- 
entation, the student is likely instinctively to copy his example 
and to remain content with crude and half intelligible exposi- 
tion of his ideas. Thus it has happened not infrequently that 
a bright student has found nothing in his university training to 
correct the deficiencies of early years or his natural tendencies, 
and has gone out to his career of teaching only to meet with an 
initial disastrous failure from which it was difficult and some- 
times impossible to recover. 

The introduction of the lecture method into our country has 
indeed been so rapid that an amalgamation of the old and new 
modes of teaching into a well proportioned, coherent and consis- 
tent educational system has been impossible. In consequence 
two dangers today beset the mathematician. On the one hand, 
there is extreme and unreasonable emphasis on the research side 
of activity at the expense of form and clearness and without due 
regard to values, any sort of investigation being prized even 
though of little or no intrinsic worth. This results in the elim- 
ination of any true interest in the actual teaching side of the 
profession. On the other hand, we see the teacher absorbed by 
personal interest in the student and by the pedagogical and ad- 
ministrative side of his work, to the neglect or exclusion of 
progress and true scholarship. Both deficiencies are found in 
our educational system. In a few institutions the first men- 
tioned evil may be found, while the latter is conspicuous in many. 

It might be thought that the difference in the educational 
problems before and after the calculus would result in a cor- 
responding differentiation of teachers into two classes, the em- 
phasis being laid in the one class upon the imparting of knowl- 
edge and in the other upon its acquisition. In France, for 
example, a sharp difference is made in the preparation for 
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teaching in the lycée and for teaching in the universities. For 
teaching in the lycée it is necessary to pass the Aggrégation. 
This is perhaps the most searching examination to be found in 
any educational system of Europe. It includes, in addition to 
a test of mathematical attainments, an examination in powers 
of exposition. For the latter, reliance upon general education 
is not sufficient, even in a nation temperamentally predisposed 
to considerations of form and elegance, but in anticipation pro- 
vision is made for special preparation and instruction. No such 
distinction has ever been made in our country, although in 
- choosing men for professorships there is clearly an increasing 
tendency to distinguish, according to the nature of the work 
demanded, vetween those who are primarily educators or admin- 
istrators and those who are scholars and investigators. 

It continues to be the custom to train both these classes 
of men as teachers by setting them to teach freshmen, travel- 
ling upwards by the rough and thorny road of experience.* 
Probably the drilling of large freshman classes affords the 
best training in teaching that can be given to the beginner. 
It possesses the further advantage that the younger instruc- 
tors have more nearly the same interests as the lower-class 
students than do the older professors, and in consequence 
these students are likely to feel less hesitation in exposing 
their difficulties to the instructor than to the professor of 
greater reputation. Also the professor is saved thereby from 
routine teaching which after many years of repetition is liable 
to lose its freshness and to become somewhat stereotyped, 
monotonous, and irksome ; and he is left free for other univer- 
sity problems demanding his riper experience. In many insti- 
tutions, however, it remains the practice for the professor to 
retain one elementary class (a freshman section, or more often 
the introductory class in calculus) for the purpose of supervision 
and to keep in touch with the situation in the lower classes. 
The contact between professor and instructor when teaching 
different sections of the same class often affords the instructor 
most valuable training and help in teaching. It seems alto- 
gether probable that with the development of our mathematical 
education such work of supervisory instruction will be reserved 


* The extent to which this is done is shown by the fact that out of 225 
graduate students of mathematics in 24 universities, 61 were registered as 
assistants or instructors. In addition should be counted a certain propor- 
tion of 57 scholars and fellows. 
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increasingly for men of fine teaching capacity but without the 
taste and inventiveness for investigation. 

The above system of freshman and sophomore instruction is, 
however, not without its serious and pernicious effects. Quite 
commonly fifteen or more hours of this work is loaded upon 
the instructor, in addition to which he has numberless quizzes 
and “ blue books ” to correct, no distinction being made in the 
assignment of such work between the humdrum man and the 
scholar of talent and promise. But in many institutions the 
work is brightened by the assignment of a small class in some 
advanced subject. In rare instances (Harvard, etc.) the pro- 
portion of “desirable electives” reaches a quarter or more 
of his total quota. Yet in general, one result of the system of 
lower-class instruction has unquestionably been the draining of 
intellectual life out of many able men by an excess of routine 
work which leaves them inadequate time to carry on their study 
and investigation. 

The handling of the huge and ever increasing mass of stu- 
dents also necessitates a large amount of administrative work 
(not connected with any particular branch of instruction). For 
this the mathematical profession, in particular, has been looked 
to. By actual count there are to-day some twenty professors of 
mathematics who are either deans or administrative officers of 
similar rank in their respective institutions; among them are 
men of fine ability and scholarship whose services are thereby lost 
to mathematical research and progress. Even when not occupy- 
ing such a position, the mathematical teacher is supposed to be 
competent for administrative work and is prone to receive an 
extra large assignment of it. But the present situation, bad as 
it is, is better than the past, and gives hope of further betterment 
in the future. Probably also the seriousness of the administra- 
tive problem has been responsible for another evil beside the 
absorption of so much of the scholastic ability of the country. 
It has helped to promote the pernicious view, still too largely 
“ held by some people of whom one would expect better things, 
that a man can become a good college teacher by following about 
the same lines as the high school teacher, learning a very little 
more of his subject than he has to teach, and developing impor- 
tant accessory qualifications, of which the one dearest to college 
presidents is his capacity for administrative work.” 


I 
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IV. SupPLEMENTS TO THE LECTURE SYSTEM. 


Diverse means are employed to correct the deficiencies of the 
lecture and recitation systems pointed out in the last section. 
Among the supplements to the lecture system the setting of prob- 
lems, the seminar, and the quiz should be especially mentioned. 

The first of these is used relatively but little. It was intro- 
duced at Harvard about 1880. Probably the bane of the 
American educational system as a whole, even to the present 
day, is the excessively great stress laid upon the acquisition 
and assimilation of material. Individual initiative in treating 
new questions is deserving of greater recognition and stimulus. 
Now the aim of problem work is to encourage this. It is to be 
carefully distinguished from the merely illustrative exampie 
work in our lower classes and is more akin to the use of ad- 
vanced problems at English universities. It prevents mere 
passivity on the part of the student and, if skilfully used, will 
stimulate the student’s imagination and pass by imperceptible 
degrees into real original work. Its greater use and consider- 
ation in advanced mathematical instruction in our country can 
therefore be recommended. In exposition it is also not with- 
out very considerable value since the student, especially when 
stimulated to it by his professor, may find a peculiar interest 
and satisfaction in formulating properly his own results. But it 
should be accompanied by other methods to develop more 
actively the power of presentation and afford proper acquain- 
tance with periodical literature and skill in its perusal. 

The “ quiz” is distinctly non-German in character and origin. 
Though native, it is somewhat akin to a species of French con- 
férence. In the quiz a review is made of the contents of a group 
of lectures recently given, and this is done by discussion be- 
tween student and teacher, and by sharp cross-questioning on 
the part of the latter. Not infrequently new material is added 
in this manner to the lectures already given. The advantage 
of the quiz is not alone to the student. The teacher is enabled 
thereby to keep in touch with him; and from the democratic 
American point of view “keeping in touch ” is a cardinal ele- 
ment of sound teaching. The indefinite spinning of lectures 
by the teacher, careless whether they are being followed by the 
student, is foreign to our conception of education. Much could, 
of course, be said for the lecture system on the principle “ The 
devil take the hindmost, O!”; for, undoubtedly, by sifting the 
students and casting out the weak the best talent can be most 
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rapidly developed. But one of the characteristic American aims 
is the development of an intellectual democracy rather than an 
intellectual aristocracy. It is greatly to be regretted that the 
quiz is not more frequently used, and its development more 
carefully studied. In the hands of the skillful teacher a quiz, 
say once in every four or five lectures, can be employed to in- 
struct and aid simultaneously the weaker and the stronger 
pupils. Great insistence can be laid upon accuracy, clearness, 
conciseness, upon thorough comprehension and expression of 
ideas; and the slipshod work, due so often to a mere hearing 
of lectures, can thereby be checked. While the quiz may 
impede rapidity of progress in a given subject, the loss is 
more than compensated by the hearty cooperation and under- 
standing which it secures between teacher and student, and by 
the added interest in the work. 

The seminar and pro-seminar (i. e., a seminar not based upon 
research) are German methods adopted and adapted in the Amer- 
ican system. In the seminar the student becomes the expositor, 
and oral reports are given on problems connected with his inves- 
tigation or on his collateral reading. In the opinion of the 
committee the quiz and seminar together can be made an invalu- 
able complement to the lecture system in the training of teachers. 

Another very common aid is the mathematical club. This 
serves as a species of clearing house or a rallying point for the 
department, instructors and graduate students being brought 
together for discussion and report. Its advantages are very 
similar to those of the seminar. Here, perhaps more than 
anywhere else, the graduate student is anxious to show at his 
very best and is “tried out,” to see what he can do. 

In certain institutions definite courses of reading are mapped 
out, while in other institutions the same end is sought by col- 
lateral reading assigned in connection with regular lecture 
courses. The bulk of this reading is in French or German. 
The purpose is alike to encourage wide reading, to give facility 
in reading foreign treatises, and to make the prospective teacher 
familiar with the literature of his subject and an adept in select- 
ing material from widely different sources. 

The usefulness of the M.A. and Ph.D. theses as preparation 
for teaching should not be overlooked. A doctor’s thesis alone 
has proved to be a totally inadequate preparation in written 
exposition. For this reason some sort of a thesis should also be 
required for an M.A. degree, unless some substitute is afforded, 
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as for example in the additional “minor Ph.D. theses” at Har- 
vard. The experience of editors of mathematical journals reveals 
on the part of the average young investigator, lamentable lack ot 
understanding as to what clear, coherent, and readable mathemat- 
ical English is. Too often the editor is obliged to ask some one 
to assist the author by friendly criticism. Usually a remarkable 
improvement is noticed after the completion of three or four 
successive articles by the author. The responsibility for crit- 
ical work of this character should not lie with the editor but 
with the university teachers. Nowhere can a student be 
taught clear exposition better than in written mathematical 
English, and in no department, perhaps, are the difficulties of 
exposition greater than in advanced mathematics. Hence in 
training for teaching, the use, and if possible, the repeated use 
of written exposition seems to the committee indispensable. 
The requirement of a written theme each semester in graduate 
courses in which no examinations are given is an expedient 
especially to be commended. 

In many universities assistantships and fellowships are de- 
signedly used, not merely to supplement the educational force 
but as an aid in the training of teachers. The assistant or 
fellow while continuing his graduate study is asked to teach a 
few hours per semester ; thus theory and practice are developed 
simultaneously. Ina few institutions, notably at Chicago, there 
is an affiliated university high school at which selected students 
may also teach. In certain rare instances a peculiar cooperative 
scheme has been tried by the professor, who employs an ad- 
vanced graduate student as his assistant in large classes. The 
latter is present at all class exercises, observing the methods of 
the teacher and taking his place in his absence. He is called 
upon for aid in correcting papers and to give individual assist- 
ance to the student. Thus at all stages of the class instruction 
he is in conference with the professor regarding the conduct of 
the work. This wouid appear to be true practical pedagogy, 
well worthy of further consideration and trial. 


V. Courses AND TEACHERS’ COLLEGES. 


In recent years the pedagogic side of teaching has been recog- 
nized at the large universities and not a few colleges by the 
introduction of the so-called “'Teachers’ Courses.” In a few 
universities courses of this character have been separated and 
organized into a Teachers’ College, notably at Columbia Uni- 
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versity, the University of Chicago, the University of Cincinnati, 
etc. In these courses hints concerning teaching are given, at- 
tention is called to the essentials of good teaching and to the 
common dangers and pitfalls, and the pedagogically difficult 
parts of secondary mathematics are discussed. To assist the 
man who goes into college work it is the aim at Columbia Uni- 
versity and the University of Chicago to “give a good knowledge 
of the history of mathematics, of the curricula in different coun- 
tries and of the danger points which confror« teachers in their 
early days of work.” Special topics are sometimes assigned, 
for example, an historical study of the methods tried in the 
teaching of calculus. 

Up to the present time the teachers’ colleges have been patron- 
ized almost exclusively by elementary and secondary school teach- 
ers. They stand asa protest against the entire neglect of the peda- 
gogical side of teaching. It is the apparent belief of these colleges 
that a great work can yet be done for college and university 
teachers as well as for teachers in the lower grades. Not only 
is it said sharply that “training in the art of teaching is not 
even a minor requirement for a degree,” but it is further 
urged that in mathematics above all subjects it is not enough 
for successful teaching that a man shall know the subject he 
teaches; he must have power of adapting it to the average man’s 
comprehension. For this purpose greater attention to pedagogy 
and to form is desirable in preparation for teaching, doubly so 
in a country where no fixed traditions prevail, and where the 
recent mathematical growth has been so rapid. Only in this 
way, it is asserted, can we save our schools and elementary 
college elasses from the crude mistakes of the youthful teacher. 

As yet, however, the influence of the teachers’ colleges upon 
the preparation of college and university teachers has been felt 
purely as a protest. Special methods for the training of such 
teachers have not been there developed, and little, if anything, 
has been attempted in the way of actual courses for them. The 
whole question as to whether such courses should be given at 
all, and, if so, what kind of courses should be given and where 
— whether in such colleges or in the graduate school — remains 
for determination. The whole field is a virgin one and not to be 
developed hastily or inconsiderately. And, finally, it seems to 
be conceded that dogmatic instruction in the art and method 
of teaching would be injurious and disastrous in collegiate 
mathematics. 
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Little or no encroachment has, in fact, been made upon the 
graduate school by the professional educator. Against his view 
is urged the argument that there is every difference in the 
manner of preparing the elementary and the advanced teacher. 
In the elementary school the child moves in a world so different 
from the world of his teacher that a study of psychology and 
pedagogy helps to bridge the gap, but the student of eighteen 
to twenty is sufficiently near his teacher in maturity that such 
aids can be dispensed with. The deficiencies of the American 
college teacher are rather on the side of an accurate, clear-cut 
knowledge ; of a failure to distinguish between the husk and the 
kernel and to insist without ceasing that the student too shall 
search for the kernel. The prevalent opinion is that definite 
instruction in method crushes individuality, produces regret- 
table uniformity, stifles life and capacity for growth. Better an 
ultimate success obtained after partial failure and experiment 
and without suppression of individuality, than a dead level suc- 
cess, which never rises above rule and precept. Hence in the 
graduate school the primary aim must ever be to build a sound 
mathematical foundation and to stimulate a discriminating 
interest and enthusiasm. The chief preparation is then to teach 
the student mathematics. 

But after all this has been justly said, there remains with the 
committee the belief that the graduate instruction is arranged 
too exclusively with reference to research and with too little 
reference to the needs of the prospective teacher. A limited 
part of the time in the mathematical club and seminar might 
be devoted with profit to the more strictly professional side of 
the training. 

Furthermore, the tendency to undue specialization in some 
obscure corner of mathematics — for example, of geometry or of 
substitution groups — should somehow be counteracted. This 
might perhaps be done in part by carefully planned survey 
courses, such for instance as Klein’s masterly lectures on pro- 
jective geometry or “ Héhere Geometrie.” In particular these 
survey courses could be employed to bring to the student’s at- 
tention such literature and lines of study as bear directly or 
indirectly upon the college subiects which he is most likely to 
teach. And above all the need is for broad, yet incisive intro- 
ductory courses in the main and vital fields of mathematics. 


92 TRAINING OF MATHEMATICAL INSTRUCTORS. [Nov., 


VI. Tue Amount oF GRADUATE Srupy. 


Broadly speaking, the minimum requirement for teaching in 
college and university tends to become the equivalent of the 
master’s degree. But in the better institutions it is recognized 
that a year or a year and a half of graduate training is by no 
means enough for a permanent college or university position, 
and the possession of the Ph.D. degree is therefore made a sine 
quanon. The situation thus created is in many ways unsatis- 
factory in regard to both degrees. 

On the one hand, the demand for graduates with the doctor’s 
degree has had increasingly the effect of making the Ph.D. 
degree a sort of college teacher’s certificate, and has acted in a 
generous measure to cheapen the degree. Too many doctors 
have doubtless been turned out who have no actual interest in 
research and seek the degree solely for its commercial value. 
It has been the rule rather than the exception that the holder 
of the Ph.D. degree fails to go on to further research. 

On the other hand, the situation with respect to the master’s 
degree is even worse. It is in no way an adequate certification 
for college teaching. In many institutions it has been regarded 
as essentially a degree for secondary teachers. In other insti- 
tutions it is used with one class of students as a stepping-stone 
to a higher degree, with another class of students who are found 
not to possess the inventiveness and fertility of mind necessary 
for research it is both a recognition and discharge. It is indeed 
difficult to say for just what the M.A. degree does stand. The 
committee submits it as a question worthy of consideration 
whether the M.A. degree might not be so administered or de- 
veloped as to become a desirable teacher’s degree or certificate 
in distinction from the Ph.D. degree as a certificate of research. 
Thus it could be used as a recognition alike for college teachers 
without the doctor’s degree and for secondary teachers of de- 
cidedly superior capacity. Possibly in this way the Ph.D. 
degree could be relieved of some of the heavy load which it is 
now compelled to carry. 

The present sharp differentiation of college mathematicians 
into two classes, the holders of the master’s and of the doctor’s 
degrees is in many ways a most unfortunate one. Many men 
have stopped with the former who are capable of proceeding 
much further. The committee wishes to record its emphatic 
belief that every man should be encouraged to study just so far 
as his ability and taste may qualify him, without stopping at 
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the line of either degree. Many a teacher without the kind of 
ability necessary for research can yet be encouraged to become 
a thorough scholar in some definite line, instead of looking to 
administrative office as his career. 

More systematic encouragement for study after the attain- 
ment of the doctor’s degree is also a desideratum. The intro- 
duction of the German privat-docent system into this country 
is recognized to be impossible and totally foreign to the Amer- 
ican spirit of financial independence after graduation. Yet 
some means should certainly be devised for recognizing better 
the more talented few and giving them opportunities for study 
commensurate with their ability. As before pointed out, the 
life and ambition of many young instructors have unquestion- 
ably been stifled by the load of fifteen or more hours of class 
room work, with the accompanying written exercises for cor- 
rection. In the case of the very ablest young instructors some 
financial provision for maintenance should be made with a 
reduced number of hours of work. The prevalent American 
practice is to relieve the instructor of his heavy hours of work 
only when he is about forty years of age, or after he has proved 
himself a pronounced success by virtue of his ability or attain- 
ment. In opposition to this it cannot be too much emphasized 
that the age of preparation for intellectual work of high order 
is from twenty to thirty, or to thirty-five at the latest. 


VII. Tue SuppLy AND APPOINTMENT OF TEACHERS. 


The same general considerations which affect the supply and 
quality of teachers in other departments apply also to the teachers 
of mathematics. The serious feature in the situation today is 
a still increasing deficiency in supply relatively to the demand. 
This necessitates also to a considerable degree a deficiency of 
quality, since places must be filled by such persons as can be 
obtained. The deficiency in supply is primarily a result of the 
enormous growth of the educational system of the country, but 
the deficiency in quality is due also to the rapid advancement 
of the mathematical profession in standards and knowledge. On 
the absolute scale the number of good mathematical teachers in 
the United States has never been greater, yet never also has the 
shortage been greater. The expansion of the country and its 
increase in population has outstripped growth in education, and 
the outlook is that the situation will become even more acute 
in the immediate future. Not only must the prospective growth 
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of the country, especially of the middle and far west, be taken 
into account, but also the awakening and development of our 
neighbors, China and South America. This expansion at home 
and abroad affords a great opportunity for the engineer. It 
attracts and doubtless will continue to attract a large number of 
the ablest mathematical students away from abstract mathe- 
matics and teaching into the practice of the engineering and 
allied professions. 

The attractions of these professions in themselves are enhanced 
by the remuneration. The financial rewards for the successful 
engineer are incomparably greater than those for the mathemat- 
ician. Twenty-five years ago the standard salary for the full 
mathematical professor in our best colleges was $2500, the vari- 
ation to either side of this figure being but slight. Today the 
corresponding figure is $3000, the variation ranging from $2500 
in small cities to $4000 or $5000 for a university situated in a 
large metropolis. For assistant professors $1500 to $2500 is 
the current compensation. For the successful engineer the 
compensation must be reckoned in five place figures. 

These salaries may very possibly appear adequate to the 
foreign professor not acquainted with American life and social 
conditions, but they are notoriously inadequate to the legitimate 
demands of life in this country. The high price of rents and 
cost of living, the cost of travel necessary in a country of large 
distances to attend conventions and to keep in touch with 
mathematicians at home and abroad, and many expenditures 
due to prevailing social conditions are recognized to press hard 
upon a college professor. If he has a family of three or four 
children, the financial pinch is likely to be felt daily and 
bitterly, and anxious thought must be spent upon the mode of 
spending one’s income. Furthermore, the mathematician by 
the very nature of his subject is cut off from the usual modes 
of supplementing a professor’s salary open to his colleagues, as for 
example by writing or by the delivery of public lectures, by legal 
and expert advice, by chemical or biological analysis, and so 
on. His only resource may be to write a text book in one or 
more of the four elementary subjects in which there are large 
college classes. Hence we see issued year after year a large 
number of such books, the majority of which resemble one an- 
other like peas in a pod, and contribute little or nothing to 
mathematical progress. Rarely does the mathematician have 
both time and knowledge to write — for such fame and glory 
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as there may be in it—the unremunerative advanced mathe- 
matical text book or treatise so much needed in the English 
language. 

With the obvious financial consideration there acts also 
another powerful force pulling men away from mathematical 
teaching. It is felt that the engineering professions give a chance 
to do “something worth while.” In our rapidly developing 
material civilization the shallow view often prevails that the 
man of action stands on a higher plane than the man of ideas. 
The latter also is invaluable for highest development. 

This side-tracking of genuine mathematical talent to engi- 
neering work is most seriously felt in applied rather than in 
pure mathematics. Precisely here, where the American mind 
might be expected to scintillate with flashes of genius, there is 
a real poverty of talent. While we boast our late-lamented 
Gibbs,— born like many a precious flower to blush unseen,— 
it must be confessed that his career is indicative rather of the 
interest and talent which might exist in applied mathematics 
than of that which does exist. In support of this statement it 
suffices to point out how few university centers there are in the 
United States where a first class training in applied mathematics 
can be obtained. The diversion of students to engineering is not 
solely responsible for this. It is in part a consequence of past 
influences when mathematics was pursued in our country as a 
branch of logic and a purely deductive science. A tendency 
to the purely formal side of mathematics can be noted from the 
days of Benjamin Peirce on. It is therefore not much to be 
wondered at (though much to be regretted) that American 
mathematical research has inclined so much to this formal side ; 
for example, to multiple algebras, postulational and axiomatic 
foundations, theory of groups, ete. Hence, there is need of 
great insistence today that applied mathematics shall be more 
abundantly pursued and for a longer period; that men of sound 
mathematical training shall be brought into touch with vital 
physical problems. 

The current method of filling vacant positions is the Socratic 
one of question and answer. The professor in charge of the 
department or some one of its divisions first makes necessary 
inquiries, writing particularly to the mathematical centers where 
the graduate students are most likely to congregate. When 
practicable, he supplements the information by personally meet- 
ing the candidate under most favorable consideration and thus 
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gains first-hand impressions. If the position to be filled is a 
major and not a minor one, the candidate is frequently invited 
to come to the university for a visit, to inspect and to be 
inspected. The considerations governing a choice of candidates 
are discussed with the president, or president and dean, and 
usually the choice of the professor is accepted as a result of the 
conference. In some cases the selection must be approved by 
an academic council consisting of some or all of the full pro- 
fessors. Under normal circumstances the subsequent ratifica- 
tion by the board of regents or trustees is a matter of form, 
since the selection of instructors is properly deemed a prerog- 
ative of the president and board of instruction. 

When the head of a department is to be chosen, a common 
practice is to appoint a committee of from three to five members, 
inclusive of the president or dean and containing representatives 
of other departments than the one concerned. This committee 
then seeks for information in all possible ways. 

Applications for a vacant position are often forwarded by 
those who would be glad to secure the appointment. Toa large 
extent these applications are waste paper. Wider publication 
of vacancies has been advocated by some ; but it is the almost 
universal experience of those who have the appointments to 
make that a too wide advertisement results in a bothersome and 
useless hoard of applications from men, the number of whose 
submitted testimonials varies inversely as the square of their 
fitness. Information privately solicited is trusted more than 
the public testimonial. In the case of well-known men a hint 
of their availability is as effective as any formal application, 
but in the case of minor appointments information supplied by 
a really worthy applicant is sometimes a most important factor 
in the decision for his appointment. 

To fill vacancies in small or less important colleges, the 
teacher’s agencies are often consulted, as by many normal and 
secondary schools. In such cases the standing of the college and 
the salary are not sufficient to attract the better trained men 
secured by the methods just described. These institutions rely 
particularly upon their recent and brightest graduates to fill the 
vacancies. ‘To a great extent the practice of “ inbreeding ” by 
selection from the alumni of the institution has been current 
in our country, and this has been true even of some of the 
largest and most important of our institutions. When carried 
to excess, the practice cramps and narrows the development of 
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the college or university. It is increasingly felt that the best 
results are obtained by generous infusion of instructors having 
other ideas and training than those characteristic of the institu- 
tion itself. 

It cannot be said that mathematical proficiency always dic- 
tates the appointments. Not infrequently there are better men 
available. Yet this is no doubt less often the case than 
is realized, since frequently appointments which are severely 
criticised have been made only after better men have been 
sounded and have declined to be considered for the position. 
Other qualifications than mathematical proficiency must receive 
consideration, such as enthusiasm and the ability to stir mathe- 
matical interest in students, personality and the genius to gather 
and keep coherent a group of promising instructors, ability to 
develop a department so as to make it useful and respected in 
the institution, and so on. Qualities such as these will doubt- 
less weigh more in the future than in the past, and administra- 
tive ability will be less considered owing to the increasing 
separation of business work. Doubtless in the past many sins 
of bad mathematical appointments must be laid to considera- 
tions of administrative ability. 

Two qualities may be noticed as especially needed by the 
American teacher. The first is a broad, liberal culture. The 
pursuit of mathematics in itself is doubtless a narrowing one. 
There is perhaps no science of which the development has been 
carried so far,.which requires greater concentration and will 
power, and which by the abstract height of the qualities re- 
quired tends more to separate one from daily life. A wide 
liberal culture therefore is eminently desirable for the establish- 
ment of that attractive personality so necessary for the best 
success in teaching. 

The second quality, moral fibre and force, is demanded 
largely in all institutions but especially in the small American 
college where teacher and student come into particularly close 
personal] relations. No just report concerning the selection and 
distribution of mathematical teachers can be given without 
some reference to this fact. The denominational origin of most 
of the eastern and older colleges accounts for the emphasis laid 
upon the possession of these qualities. While denominational 
lines have broken down and tended to disappear, and accord- 
ingly religious distinctions have been forced increasingly into 
the background in college and university education, the moral 
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ideal nevertheless survives, receiving perhaps a greater consid- 
eration than in any other country except England. In the 
junior college—to designate thus the first two years of the col- 
lege course —the student is still young and immature and in a 
formative period. Here the public claims that the student has 
as much a right to the care, time, and thought of the teacher as 
has investigation. It insists, even in the large state universi- 
ties, that the child shall be cheated neither out of its intel- 
lectual nor out of its moral birthright. The mathematical 
teacher must with rare exceptions begin his career either in the 
small college or in the junior college of the large university. 
He consequently must have the problems of the junior college 
at heart, and not neglect his students for his own investigation. 
Not a few talented men fail altogether because of such neglect 
or lack of interest and thereby close their mathematical career. 

In the graduate school the considerations of the last section 
fall mostly into abeyance since the student is now sufficiently 
mature to criticise rather than copy the deficiencies of his in- 
structor. Intellectual leadership and vitality are here the 
crucial question. With increasing separation between the 
junior and senior colleges there comes an increasing difference 
in the kinds of teachers required. 

The question, “ From what class of society are our mathemat- 
ical teachers drawn,” is a complicated one, not to be answered 
by statistics. Have they come up through poverty and hard- 
ship, liking mathematics for its difficulties? Do they come 
from the great middle classes, or from well-to-do cultured 
homes? Undoubtedly all classes contribute, but the chief source 
is probably the second, especially that section of the middle 
classes which is more poor than rich and the section which lies 
at the fringe of the cultured classes. To men from these homes 
the teacher’s profession offers improved social conditions and 
increased opportunity. Its financial deprivations are borne 
with sufficient philosophy and complaisance, for the love of 
intellectual pursuits is the life of the teacher. 

The large number of mathematical teachers coming from the 
very small college, where the curriculum is cramped and where 
mathematics is one of its chief components, should be especially 
noted. Probably these colleges furnish an abnormally large 
percentage of the mathematical students for the graduate school. 
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VIII. Conciupinc Remarks. 


In conclusion, the committee abstains from prophesy or the 
formulation of any definite and ideal program for the training 
of the advanced mathematical teacher. The situation regard- 
ing such training is still chaotic, and there is no method yet 
apparent of evolving order. The aim of this report has been, 
rather, to point out the causes, results, and deficiencies of the 
present method of training (or lack of method), and it will be 
enough if the committee shall have succeeded in arousing interest 
and stimulating thought upon the subject. 

Certain general points may, however, be noted by way of 
summary or emphasis. 

The introductory courses in calculus, as already indicated, 
forms really the beginning of the training today. Prior to this 
the study of mathematics is pursued chiefly as a practical and 
disciplinary training for the general college body, while there- 
after it is pursued by the mathematician for its own sake. 

The instruction of the mathematician and physicist for a 
longer time together in identical courses would undoubtedly 
have its advantages. Certainly the greater, intermingling of 
pure and applied mathematics is desirable. The extent to 
which they have been separated is astonishing. The pure 
mathematician is prone to be either helpless or ignorant 
before the applications, while the applied mathematician has 
rarely a good grip on modern mathematical principles. Not in 
a divorce from related subjects, but rather from the inspiration 
of contact with them is the continued life and progress of that 
science to be sought which is the most perfect and coherent 
development of human thought. 

The committee expresses the further wish that the early 
training of the mathematician on the purely mathematical 
side shall not be too narrow. The four great fields, analysis, 
mechanics, geometry, algebra (number fields, ete.) should early be 
represented strongly in their main essentials and characteristics. 

The matter of training in clear, coherent, and interesting 
presentation both oral and written should not be overlooked, 
as is sometimes done by the teacher, but he should be willing 
to give his time generously to their inculcation. A more 
abundant practice therein should be afforded for the future 
teacher and investigator. 

Probably greater cooperation between the experienced teacher 
and the beginner regarding the conduct of elementary college 
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instruction is needed. This might be gained by more abundant 
discussion of the problems involved, by helpful suggestion and 
mutual visitation of classes, and occasionally even by the joint 
conduct of a class. 

Finally, the amount of routine instruction, at least for the most 
promising of our younger college and university investigators, 
should be so regulated as to further rather than suppress their 
individual development. On the other hand, the man with a 
gift for teaching, though not for investigation, should be encour- 
aged to obtain a broad and comprehensive knowledge of mathe- 
matics, and, obtaining this, should not be cashiered for failure to 
“produce” nor be spoiled as a teacher by being trimmed into 
a very mediocre investigator. The difference between the two 
kinds of gifts —the power to teach and the ability to extend 
the frontiers of our science — should be more clearly recognized. 
It is for a free and not a standardized development that we 
plead ; and, above all, for greater freedom and leisure for the most 
able of our younger instructors that they may achieve the best 
that is in them. 


VECTOR ANALYSIS. 


Vector Analysis. By JosepH G. Corrin. New York, John 
Wiley and Sons, 1909. xvii + 248 pp. 


Einfiithrung in die Vektoranalysis mit Anwendung auf die math- 
ematische Physik. Zweite Auflage von Prof. Dr. Ricoarp 
Gans. Leipzig, Teubner, 1909. x + 125 pp. 

Die Vektoranalysis und ihre Anwendung in der theoretischen 
Physik. Von Dr. W. v. Ienatowsky. Theil I: Die Vek- 
toranalysis, 1909, vi+ 112 pp. Theil II: Anwendung der 
Vektoranalysis in der theoretischen Physik, 1910, iv + 123 pp. 
Leipzig, Teubner. 

A GLANCE at books of the above type calls attention to the 
unsatisfactory position that vector analysis still occupies in our 
courses of study. We find here discussions of the most ele- 
mentary kind mixed with other discussions requiring a con- 
siderable knowledge of mathematics and physics. To the stu- 
dent unacquainted with the branches of science involved, vector 
analysis is hardly intelligible. To the student acquainted with 
them, it seems superfluous as leading merely to results already 
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known. It seems that this duplication might be avoided. In 
fact, vector analysis is not a separate subject but is part of 
many other subjects. Vectors and their addition could be given 
in elementary geometry, their multiplication in trigonometry, 
the differentiation and integration in calculus, and the physical 
applications in connection with the various scientific subjects to 
which they apply. It is through some such fusion that vector 
analysis will ultimately assume its proper everyday place in 
mathematics and cease to be an ornamental means of stating 
results already known. 

The first of the above books will no doubt appeal strongly to 
students who desire a simple yet thorough treatment of vector 
analysis and who do not have the time or inclination to read a 
larger book such as that of Gibbs-Wilson. The notation is 
that of Gibbs except that the cross of the cross product is made 
smaller and placed above the line. Thus the cross product is 
ab instead of ax b. Vectors are printed in black type, 
scalars in italics. This distinction is easy enough in print but 
it would interest many of us to know how it is to be effected 
in writing on paper or blackboard. 

At the beginning of each chapter the theory is developed. 
This is followed by applications to mecnanics and physics and 
the chapter ends with examples for solution. The first four 
chapters contain the addition and multiplication of vectors and 
the differentiation with respect to a scalar, with application to 
centers of gravity, work, moments, geometrical loci, curvature, 
and the dynamics of a particle. The following chapter contains 
the differential operators and their physical interpretations with 
applications to conservative systems and perfect differentials. 
The remaining two chapters contain integration theorems, appli- 
cations to electrical theory, the dynamics of a system, and hydro- 
mechanics. The book ends with an appendix containing a 
comparison of systems of notation and a summary of formulas. 

The examples for solution are ample and without being 
puerile are simple enough to be solved by the average reader 
interested in vector analysis rather than the particular example. 
The proofs are given evidently with the idea of convincing the 
reader that the results are true. Definitions of technical terms 
are given and physical facts clearly stated so that the book 
might be read by students unfamiliar with the subjects discussed. 

On two points the author is rather enthusiastic. He fre- 
quently repeats that ‘all quantities representable by vectors 
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obey the parallelogram law.” The incautious reader might 
apply this to finite rotations. Again he asserts that all natural 
phenomena are continuous and hence it is not necessary to 
complicate the discussion by consideration of discontinuities. 
Avoiding perhaps the realm of molecular mechanics, the point 
may be well taken. Unfortunately however we must represent 
physical phenomena by mathematical expressions which are 
sometimes discontinuous and which give by mathematical proc- 
esses correct results only in regions for which those processes 
are valid. Hence many theorems, stated without restriction, 
require in their application that some attention be given to 
considerations of continuity. Yet to the thinking student such 
remarks are perhaps unnecessary, and vector analysis is not 
likely to interest those altogether averse to the process of 
thought. 


The book of Professor Gans is a second edition of a work 
too well known to require detailed discussion. The principal 
addition is a chapter on strains. These are discussed by means 
of the ellipsoid and no use is made of the dyadic. 


In the preface to his book Ignatowsky expresses his belief in 
the value of presenting a scientific subject in as many ways as 
possible. That he has adopted a viewpoint somewhat out of 
the ordinary is shown by the fact that he scarcely mentions 
coordinates in the mathematical part of his work. And when 
they are finally introduced in the discussion of strains it is 
excused by the existence in the field of a natural set of direc- 
tions. We must admit that some of the discussions are not as 
simple as the corresponding ones usually given in coordinates. 
Yet that may be a criticism of the book and not of the method. 
It is a question whether the apparent advantage of using in 
demonstrations concepts not contained in the final theorems 
indicates more than that the best method of demonstration has 
not yet been devised. 

The scalar product of a and b, written ab, is defined in the 
usual way. The vector product, written [ab] is introduced by 
integration. A directed surface element df, i. e., an element of 
surface whose border is described in a given direction, is rep- 
resented by a normal vector whose length equals the area of the 
element and whose direction is determined by the corkscrew 
rule. Two vectors a and b are placed so that they form a par- 
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allelogram with the arrows pointing in the same direction 
around it. The vector product is then defined as the integral 
of df over the parallelogram, the sense of df being indicated by 
the arrows on the border. By integration over surfaces of 
particular forms the laws of combination of vectors are deduced. 

The operations d/dt and ¥ are introduced as corresponding 
linear and space processes. If A is a function of position, 
scalar or vector, and V( )A represents any one of the opera- 
tions 7-A, 7 x A or VA, which under the circumstances has 
a sense, the definition of 7 used by Ignatowsky may be writ- 


ten 
A( )df 


__, 
v—0 V 


where /’ is the surface surrounding V. This is Maxwell’s 
view of VY as an average over the surface referred to the vol- 
ume asaunit. From this definition by integration over regions 
of special form the properties of gradient, divergence, etc., are 
derived. 

The method of obtaining integration theorems from this defi- 
nition of V7 is very crudely shown by writing the above 


equation 
)df 
; 
dv 
We may write this 


)Adv A(_)df 


and by integration get 


where / is the exterior surface, since integration over the inte- 
rior surfaces surrounding volumes d V occurs twice with normals 
in ‘opposite directions. 

The book contains an interesting chapter on muliply con- 
nected surfaces and another on lamellar and solenoidal fields. 
Then after the theory is practically developed, rectangular co- 
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ordinates are introduced and used in the discussion of dyadics 
and strains. 

The second part, on applications to physics, begins with a 
very interesting discussion of the general principles of dy- 
namics, from which it is interesting to note the absence of La- 
grange’s equations and Hamilton’s principle. This is followed 
by applications to electrical theory, a short chapter on the Lo- 
rentz theory of electrons, and one on the transmission of light 
through crystals. 


H. B. 


NOTES. 


THE fourth regular meeting of the Southwestern Section of 
the AMERICAN MatTHemaAticaL Society will be held at the 
University of Nebraska on Saturday, November 26. Titles 
and abstracts of papers should be in the hands of the Secretary 
of the Section as early as November 10. 


THE seventeenth annual meeting of the AMERICAN MATHE- 
MATICAL Society will be held in New York December 28-29. 
The winter meeting of the Chicago Section will be held at 
Minneapolis, Minnesota, in affiliation with the sixty-third 
meeting of the American Association for the advancement of 
science, on December 29-30. Titles and abstracts of papers 
to be presented at these meetings should be in the hands of the 
respective secretaries by December 10. 


Art the meeting of the London mathematical society held on 
June 9, the following papers were read: By W. H. Youne, 
“ A new method in the theory of integration,” and “On semi- 
integrals and oscillating successions of functions”; by G. T. 
BENNETT, “The composition of finite screw displacements ”’; 
by M. J. M. Hinz, “ Note on the theory of linear differential 
equations”; by P. Minne, “The generation of cubic curves 
by apolar pencils of lines.” 

AT a meeting of the International Commission on the Teach- 
ing of Mathematics held at Brussels on August 8, 1910, thirty 
delegates were present. These included Professor KLEIN, of 
Gottingen, President; Sir GEorGeE GREENHILL, of London, 
Vice-President ; and Professor FEHR, of Geneva, Secretary. 


| 
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Representatives were present from Germany, France, Belgium, 
Switzerland, Russia, Holland, Spain, Hungary, England, and 
the United States. In the absence of the American Commis- 
sioners, Professor C. B. Upton was delegated as their repre- 
sentative. Reports were presented showing the status of the 
work in the various countries, together with the methods of 
procedure. Germany’s plan is to issue a considerable number 
of monographs prepared by specially selected individuals. 
England has arranged to follow the same plan. The work in 
France is organized somewhat as in America, with a number of 
committees and sub-committees. Owing to the highly central- 
ized system in France it has taken some time to secure permissions 
for undertaking all of the investigation. These permissions 
have now been granted and the plan in that country is to pub- 
lish the reports at one time in about five volumes. Holland has 
practically finished the work for that country, and the reports 
will soon be published. Spain has already published two or 
three sub-reports, and in the various other countries a number 
of reports will appear in the course of a few months. 

The investigation in the United States has been carried on by 
means of committees and sub-committees, and most of the reports 
havenow been practically finished. It is expected that they will 
be edited during the present year and that the Bureau of Educa- 
tion at Washington will be able to arrange for their publication. 

The next general meeting of the Commission will be held 
next year in Europe, the place and date being as yet unsettled. 
It is expected that the International Congress at which the 
reports will be offered will be held the latter part of August, 
1912, at Cambridge, England. 

A full report of the Brussels meeting appeared in the Septem- 
ber number of the Enseignement Mathématique. 


At the meeting of the British Association for the advance- 
ment of science which was held from August 31 to September 
7, considerable discussion took place on the possibility of avoid- 
ing highly technical papers, and some progress was made. A 
notable feature of the session was the number of joint meetings 
of sections with the natural result that subjects of general 
interest were more freely discussed. In its résumé of the work 
of the Association the London Times (September 9, 1910) 
says that in Section A, mathematical and physical science, the 
presidential address by Professor E. W. Hopson, F.R.S., on 


the “‘ Tendencies of modern mathematics,” proved exceedingly 
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interesting and it put the point of view of the pure mathema- 
tician perhaps more distinctly than it has ever been put before 
a general audience. Sir J. J. THomson’s paper on positive 
electricity brought out one of the most important and interest- 
ing announcements of the Sheffield meeting ; he stated that his 
experiments on positive rays led him to infer properties in the 
positive electron corresponding to those previously discovered 
by him in the negative electron. Among other papers which 
attracted special attention in this section were those of Sir W. 
Ramsay and Dr. R. W. Gray on the “ Molecular weight of 
radium emanation”; by Dr. J. A. CROWTHER on the “ Number 
of electrons in the atom”; and the very important paper by 
Professor Hicks on the “ Relation of spectra to the periodic 
series of the elements.” Professor Hicks’ paper has proved 
useful in bringing together the pure mathematician and the 
chemist and physicist, who of late years have tended to drift 
apart. In any mention of papers that by Dr. CHREE on 
“ Atmospheric electricity,” which excited admiration for its 
excellence and clearness, must not be omitted. In this section 
there have been three discussions, in each of which some man 
of science was asked to introduce a subject. This introduction 
was not necessarily done by means of a paper containing new 
results, but was a résumé of the state of knowledge at the 
present day. This is considered to be one of the most important 
and valuable parts of the work of the section, and it will be 
developed in the future. There was quite a good attendance 
of working physicists in Section A, and their informal conver- 
sations have proved very helpful. In short, this section, which 
is necessarily a highly specialized one, has thoroughly justified 
itself this year. 


THE annual meeting of the French association for the 
advancement of science was held at Toulouse, August 1 to 6, 
under the presidency of Professor GartEL, with Mr. E. 
Betor as chairman of the section of mathematics and 
astronomy. Besides a number of papers in astronomy, the 
following mathematical papers were read: E. Legon, ‘ Dar- 
boux and Picard ;’ M. Lirre, “ The problem of the composi- 
tion of rotations,” and “ The principle of Galileo ;’ G. Tarry, 
Note on hyperbolic angles ;” M. JoLtver, “ A new demon- 
stration of Fermat’s theorem ;’ A. G&RarRpDIN, “ Notes on 
the theory of numbers ;” F. Bou.ap, “ Arithmetic resolution 
of a certain quintic equation ;” E. N. BarRistEn, “ Resolution 
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of the equation of the third degree ;” A. PELLET, “Concern- 
ing equations having real roots ;’ M. FontaneEau, “ D’Alem- 
bert’s principle and its application to hydrodynamics.” The 
next meeting will be held at Dijon, the chairman of the section 
of mathematics again being Mr. Belot. 


THE annual list of American doctorates published in Science 
presents for the academic year 1909-1910 353 names, of which 
178 are credited to the sciences. The following 23 successful 
candidates offered mathematics as major subject (the titles of 
the theses are appended): M. J. Bass, Pennsylvania, “‘ The 
second category of the groups of order 2” which contain self- 
conjugate sub-groups of order 2"-*” ; Miss E. R. BENNETT, 
Illinois, “‘ Primitive groups with a determination of the primi- 
tive groups of degree 20” ; H. B. Curtis, Cornell, “ Hyper- 
abelian functions expressible by theta series” ; F. F. DEcKER, 
Syracuse, “On the order of a restricted system of equations” ; 
G. C. Evans, Harvard, “ Volterra’s integral equation of the 
second kind with discontinuous kernel”; A. B. FRIZELL, 
Kansas, “ Foundations of arithmetic”; F. T. H’DousLer, 
Wisconsin, ‘‘On certain functional equations” ; T. H. HiLpeE- 
BRANDT, Chicago, “A contribution to the foundations of 
Frechet’s calcul fonctionnel”; F. L. Hrrcucocx, Harvard, 
“Vector functions of a point”; J. E. Hopcson, Johns Hop- 
kins, “ Orthocentric properties of the plane directed n-line” ; 
J. K. Lamonp, Yale, “Improper multiple integrals depending 
on a parameter” ; H. F. MacNetsu, Chicago, “ Linear polars 
of the k-hedron in n-space”; E. J. Mites, Chicago, “ The 
absolute minimum of a definite integral in a special field” ; H. 
H. MitcueE t, Princeton, “The sub-groups of the linear group 
LF(3, p")”; U. G. MrrcHeEt, Princeton, “Geometry and 
collineation groups of the plane PG(2, 2”)”; Mrs. H. B. 
Owens, Cornell, “ Conjugate line congruences of the third 
order defined by a family of quadrics”; Mrs. A. J. PELL, 
Chicago, “ Biorthogonal systems of functions with applications 
to the theory of integral equations”; R. S. Ponp, Kansas, 
“‘Collineations in space of four dimensions”; J. E. Rowe, 
Johns Hopkins, “A complete system of invariants for the 
plane rational quartic curve, and other facts in regard to 
rational curves”; H. A. RuGer, Columbia, “The place of 
analysis in the curve of efficiency” ; E. W. SHELDON, Yale, 
“ Critical revision of de Haan’s tables of definite integrals, two 
volumes” ; L. L. SmtvERMAN, Missouri, ‘‘On various defini- 


| 


108 NOTES. [ Nov. 


tions of the sum of a divergent series” ; H. W. SraGer, Cali- 
fornia, “On numbers which contain no factors of the form 
p(kp + 1).” 

The largest list for any preceding year contained 21 names 
(1905). 

THE Danish academy of sciences announces the following 
prize problem, for the best solution of which the academy’s 
gold medal will be awarded : 

To explain a method of transformation of an asymptotic 
series into a convergence series which will be applicable to 
most asymptotic series already known. In particular, the 
question should be discussed, what interpretation should be 
given to the expansion when the real variable is supposed 
complex within a convenient domain. 

Competing memoirs must be written in Latin or any modern 
language of northern Europe, and should be sent to the secre- 
tary, Professor H. G. Zeuthen, Copenhagen, before October 
31, 1911. 


THE physico-mathematical society of Kasan announces that 
two Lobatchevsky prizes of 500 roubles each will be awarded 
by the society in 1912. The first will be given to the author 
of the most meritorious work on non-euclidean geometry which 
has been published during the last six years in one of the fol- 
lowing languages: Russian, French, German, English, Italian, 
or Latin, and submitted to the society. 

For the other prize the society announces the problem: The 
study of the general integrals of the equations of Painlevé (dif- 
ferential equations of the second order and of the second degree, 
whose general integrals have fixed critical points). A detailed 
study of one of the types of these equations is desired. Litera- 
ture: Painlevé, Comptes Rendus, volume 126, Bulletin de la 
Société mathématique de France, 1900; Gambier, Acta Mathe- 
matica, 1909. 

Competing memoirs either printed or in manuscript, should 
be sent to the society before November 4, 1911. 


CAMBRIDGE UNIvERsIry. (Michaelmas term (M) begins 
October 13, Lent term (L) January 19, Easter term (E) April 
24.)— By Professor E. W. Hogson : Integral equations, three 
hours (M); Fourier’s series and other representations of func- 
tions by series and integrals, three hours (L); Spherical har- 
monies and allied functions, three hours (L).— By Professor 
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Sir G. H. Darwin: Gravitational potential and attractions 
(M); Lunar theory (Hill’s method) (L).— By Professor Sir 
R. 8S. Bat: Celestial mechanics, three hours (M); Spherical 
astronomy, three hours (L).— By Professor Sir J. LARMor : 
Electricity and magnetism (M); General electrodynamic and 
optical theory (L); Thermodynamics and molecular theory 
(E).— By Dr. H. F. Baker: Introduction to theory of func- 
tions, three hours (M, L); Algebraic geometry (three dimen- 
sions), three hours (M).—By Mr. J. H. Jeans: Higher 
dynamics (M); Theory of probability with reference to phys- 
ical problems (M); Kinetic theory of gases and matter (L). — 
By Mr. R. A. Herman: Hydrodynamics (M, L, E); Differential 
geometry (L). — By Mr. H. W. Ricumonp: Algebraic plane 
geometry (M); Synthetic geometry (L).—By Mr. T. Ta. 
Bromwicu : Theory of potential with electrical applications 
(M); Electric waves (L, E).— By Mr. W. E. Barnes: 
Linear differential equations (L).— By Mr. R. R. Wess: 
Vibrations and sound (M).— By Mr. A. Berry: Theory of 
differential equations (M); Elliptic functions (L, E).— By 
Mr. G. T. Bennett: Line geometry (L).— By Mr. J. H. 
Grace: Theory of numbers (M); Theory of invariants (L). 
— By Mr. BrrtwistLeE: Hydromechanics (L). 


Proressors G. A. Mager and P. Pizzerti, of the Uni- 
versity of Pisa, have been elected national members of the 
Accademia dei Lincei ; Professor J. H. Poyntuye, of the Uni- 
versity of Birmingham, has been elected foreign member, and 
Professor F. SEVERI, of the University of Padua, correspond- 
ing member of the same academy. 


Proressor V. Vo.LTeRRA, of the University of Rome, has 
been elected foreign member of the royal society of London. 


Proressor U. Drnt, of the University of Pisa, has been 
elected president of the Italian society of sciences (the “forty ”’) ; 
Professor T. Levi-Crvira, of the University of Padua, has been 
elected to membership in the same society. 


Dr. M. Carros, in charge of the mathematical conferences 
at the University of Besancon, has been appointed professor of 
the calculus. 


Dr. A. ViLuaT has been appointed in charge of mathemat- 
ical courses at the University of Caen, and Dr. L. AuBry of 
those at the University of Algiers. 
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A BRONZE statue of Lord Kenvin by Mr. Bruce-Joy is 
being erected at Belfast, Ireland. The figure holds a gyroscope 
and by its side is a Kelvin compass. 


Mr. Frank Watson Dyson, F.R.S., astronomer royal 
for Scotland and formerly chief assistant at Greenwich, has 
been appointed astronomer royal in succession to Sir W. 
CHRISTIE, who will retire on October 1. 


On the occasion of the Sheffield meeting of the British Asso- 
ciation, the University of Sheffield conferred the degree of doc- 
tor of science on the chairman of each section ; Professor E. W. 
Hoprson, of Cambridge University, was chairman of section A, 
mathematics and physics. 


ProFreEssor Oskar Bowza, of the University of Chicago, has 
been appointed honorary professor of mathematics in the Uni- 
versity of Freiburg. 

Proressor E. W. Stanton, of the Iowa State College, has 
been elected acting president of that institution. 


Proressor R. J. ALEY, of Indiana University, superin- 
tendent of public instruction of the State of Indiana, has been 
elected president of the University of Maine. 


At the University of Chicago, Professor L. E. Dickson has 
been promoted to a full professorship of mathematics, and Dr. 
A. C. Luyy to an assistant professorship of mathematics. 


At Purdue University Professor WILLIAM MarsHALL has 
been promoted to an associate professorship of mathematics, 
and Dr. W. H. Bates to an assistant professorship. 


Dr. F. T. H’Dovus er has been appointed professor of math- 
ematics at Miami University. 


Dr. J. E. Rowe has been appointed instructor in mathe- 
matics at Goucher College, Baltimore, Professor W. H. Matr- 
BIE having resigned to enter the profession of law. 


Proressor P. P. Boyp, of Hanover College, Indiana, has 
been granted a year’s leave of absence to study at Cornell 
University. 

At the University of Illinois, Dr. E. B. LyTLe has been 
promoted to the rank of associate in mathematics; Mr. J. H. 
Minnick and Mr. W. H. Taytor have been appointed assist- 
ants in mathematics. 
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At the University of North Carolina, Dr. G. R. CLEMENTs, 
of Williams College, Massachusetts, has been appointed pro- 
fessor of mathematics, and Mr. T. R. Eaeues, of Bethany 
College, West Virginia, has been appointed instructor in math- 
ematics. 


Mr. W. J. Ristey, of Harvard University, has been ap- 
pointed professor of mathematics at Milliken University. 


Dr. J. B. Fauenut, of the State Normal School, Marquette, 
Mich., has been appointed head of the department of mathe- 
matics at the State Normal School at Kalamazoo, Mich. 


Proressor F. H. Hopes, of Parsons College, Fairfield, Ia., 
has been appointed professor of mathematics at Franklin Col- 
lege, Franklin, Ind. 


AT the Agricultural College of Kansas, Mr. E. BarTHOLOW 
and Mr. C. H. CLEVENGER have been appointed assistants in 
mathematics. 


Miss GRACE CAMPBELL has been appointed instructor in 
mathematics at the Oregon Agricultural College. 


Proressor G. A. Buss, of the University of Chicago, is in 
Japan on leave of absence. He will spend the winter months 
at the University of Paris. 


PRroFessor EvGene Rovucué, examiner of the Ecole Poly- 
technique of Paris, died August 19th, at the age of 78 years. 


CATALOGUES of second-hand mathematical books: A. Her- 
mann et Fils, 6 rue de la Sorbonne, Paris, catalogue 104, about 
4,000 titles.—Max Weg, Konigstrasse 3, Leipzig, catalogue 
125, 1,600 titles in exact sciences. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Batpus (R.). Ueber Strahlensysteme, welche unendlich viele Regelflichen 
2ten Grades enthalten. (Diss.) Erlangen, 1910. 8vo. 46 pp. 


BrepersacH (L.). Zur Theorie der automorphen Funktionen. ( Diss.) 
Gottingen, 1910. 8vo. 42 pp. 


Boru™ (K.). Enlliptische Funktionen. Teil If: Theorie der elliptischen 
Integrale; Umkehrprobleme. (Sammlung Schubert, LXI). Leipzig, 
Géschen, 1910. 8vo. 7+ 180 pp. Cloth. M. 5.00 


DannacHer (S.). Die geometrischen Grundlagen der freien Perspektive. 
(Progr.) Frauenfeld, 1910. 4to. 34 pp. 


Demarrres. Cours de calcul différentiel et intégral. Lille, Jauny, 1909. 
8vo. 216 pp. 


FREDHOLM (I.). See MirraGc-LEFFLeER (G.). 


JUNKER (F.). Repetitorium und Aufgabensammlung zur Integralrechnung. 
2te verbesserte Auflage. (Sammlung Gischen, 147.) Leipzig, Géschen, 
1910. 12mo. 135 pp. Cloth. M. 0.80 


Lesser (O.). See Scuwas (K.). 


Lopenstetn (K.). Ueber den Satz, dass eine ebene, algebraische Kurve 6ter 
Ordnung mit 11 sich einander ausschliessenden Ovalen nicht existiert. 
(Diss.) Géttingen, 1910. 8vo. 37 pp. 


MitraG-LEFrF_Ler (G.) et FReEpHOLM (I.). Compte rendu du congrés des 
mathématiciens tenu 4 Stockholm 22-25. IX. 1909. Leipzig, Teub- 
ner, 1910. 8vo. 137 pp. Cloth. M. 4.80 


Pascat (E.). Repertorium der héheren Mathematik. 2te véllig ungearbei- 
tete Auflage der deutschen Ausgabe, herausgegeben von H. E. Timerding 
und P. Epstein. Band I, erste Halfte: Algebra, Differential- und Inte- 
gralrechnung. Leipzig, Teubner, 1910. 8vo. 15+ 527 pp. M. 10.00 


Scuwas (K.) und Lesser (O.). Mathematisches Unterrichtswerk zum 
Gebrauch an héheren Lehranstalten. Im Sinne der Meraner Lehrpline 
bearbeitet. Band III, Teil I: Lehr- und Uebungsbuch fiir den Unter- 
richt in der synthetischen Geometrie der Kegelschnitte und der analyti- 
schen Geometrie. Leipzig, Freytag, 1910. 8vo. 208 pp. = 


SravupE (O.). Analytische Geometrie des Punktepaares, des Kegelschnittes 
und der Fliche 2ter Ordnung. Teil II. Leipzig, Teubner, 1910. 8vo. 
451 pp. Cloth. M. 18.00 


II. ELEMENTARY MATHEMATICS. 


ANGULO Y (J.). Caleulo elemental de probabilidades. Madrid, 
Ratés, 1910. 8vo. 62 pp. P. 2.00 


Francuis (M. de). Elementi d’algebra, ad uso dei licei. Vol. I, per la 
liceale. Palermo, Sandron, 1910. 16mo. 109 pp. L. 1.5 


—. Elementi d’algebra ad uso delle scuole tecniche. Palermo, Sandron, 
1910. 16mo. 65 pp. | 
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Grevy (A.). Géométrie plane, 4 l’usage des éléves des classes de second C 
et D. Paris, Vuibert et Nony, 1910. 8vo. 296 pp. Fr. 3.00 


Manpt (M.). Lehrbuch der Geometrie fiir die oberen Klassen der Gymnasien 
und Realgymnasien. (IV-VIII Klasse). Wien, Manz, 1910. 8vo. 
4+ 364 pp. Cloth. M. 3.80 


Perry (J.). Practical mathematics. London, Wyman, 1910. 8vo. _: 


ScHwerinG (K.). Sammlung von Aufgaben aus der Arithmetik fiir hohere 
* Lehranstalten. I. Lehrgang. 3te, verbesserte Auflage. Freiburg, 
Herder, 1910. 8vo. 7+ 59 pp. Cloth. M. 1.40 


Srerrani (F.). Elementi di algebraad uso delle scuole secondarie inferiori. 
2a edizione. Firenze, Le Monnier, 1910. 16mo. 145 pp. L. 1.50 


SuppantscuitscH (R.). Leitfaden der darstellenden Geometrie fiir die V. 
und VI. Klasse der Realgymnasien. Mit 212 Figuren im Text und 204 
Aufgaben. Wien, Tempsky, 1910. 8vo. 71 pp. Cloth. M. 1.50 


—— Lehrbuch der Geometrie fiir Gymnasien und Realgymnasien. Mittel- 
stufe. Planimetrie und Stereometrie. Mit 349 Figuren im Text und 
1296 Fragen und Aufgaben. Wien, Tempsky, 1910. Cloth. M. 4.50 


—— Mathematisches Unterrichtswerk, Grundriss der Geometrie. 2te Halfte. 
Wien, Tempsky, 1910. 8vo. 92 pp. Cloth. M. 1.70 


Vorxamp (G.). Mathematische Formclsammlung. Zummengestellt und 
herausgegeben fiir Schule und Praxis. Leipzig, Fritzsche und Schmidt, 
1910. 12mo. 48 pp. M. 0.80 

WEITZEL (C. G.). Unterrichtsbriefe fiir die Buchstabenrechnung und Alge- 
bra sowie fiir ebene Geometrie (Planimetrie) und Anwendung der Algebra 
auf Geometrie. In Gespriichsform zum Selbstunterrichte verfasst. 
Band I. Wien, Hartleben, 1910. 8vo. 8+ 480 pp. Cloth. M. 8.75 

ZecH (J.). Tafeln der Additions- und Subtractions-Logarithmen fiir 7 
Stellen. 4te Auflage. Berlin, Weidmann, 1910. 8vo. 203 pp. . 

M. 3.00 


Ill. APPLIED MATHEMATICS. 
BAER. See CHRISTMANN. 
Bourtet (C.). Elements de statique graphique. Paris, Hachette, 1910. 
8vo. 162 pp. F. 7.50 
CHRISTMANN und Barr. Grundziige der Kinematik. Berlin, Springer, 
1910. 8vo. 8+131 pp. Cloth. M. 5.80 


Fano (G.). Lezioni di geometria descrittiva, date nel r. politecnico di 
Torino. Torino-Paravia, 1910. 8vo. 19-+ 426 pp. . 16.00 


Haren (R.). Aufgabensammlung zur Festigkeitslehre mit Lésungen 
(Sammlung Géschen, 491). Leipzig, Géschen, 1910. 12mo. 89 pp. 
Cloth. M. 0.80 

HrrscHFe.p (C. F.). Engineering thermodynamics. 2d edition. New 
York, Van Nostrand, 1910. 16mo. 157 pp. Boards. $0.50 


Hopkinson (B.). Vibrations of systems having one degree of freedom. 
New York, Putnam, 1910. 8vo. 54 pp. $0.75 
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MATRICULATION mechanics papers from 1898-1900 and from September 1902 
to June 1910 with model solutions to the last paper and ad oe: ques- 
tions. London, Clive, 1910. 8vo. s. 6d. 


Miter (E.). Technische Uebungsaufgaben fiir darstellende Geometrie. 
Wien, Deuticke, 1910. 8vo. M. 2.50 


(M.). See WALTHER (K.). 

WattHer (K.) und Rérrmscer (M.). Technische Warmelehre (Thermo- 
dynamik). (Sammlung Gdschen, 242.) Leipzig, Gdschen, 1910. 
12mo. 144pp. Cloth. M. 0.80 

Wexttiscu (S.). Theorie und Praxis der Ausgleichsrechnung. Band II. 


Probleme der Ausgleichungsrechnung. Wien, Fromme, 1910. 8vo. 
9 + 217 pp. M. 7.50 


